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Abstract 


The main purpose of this paper is the construction of the R-operator which acts in the tensor 
product of two infinite-dimensional representations of the conformal algebra and solves Yang-Baxter 
equation. We build the R-operator as a product of more elementary operators S1,52 and S3. 
Operators Sı and S3 are identified with intertwining operators of two irreducible representations 
of the conformal algebra and the operator S2 is obtained from the intertwining operators Sı and 
S3 by a certain duality transformation. There are star-triangle relations for the basic building 
blocks S1, S2 and S3 which produce all other relations for the general R-operators. In the case of 
the conformal algebra of n-dimensional Euclidean space we construct the R-operator for the scalar 
(spin part is equal to zero) representations and prove that the star-triangle relation is a well known 
star-triangle relation for propagators of scalar fields. In the special case of the conformal algebra 
of the 4-dimensional Euclidean space, the R-operator is obtained for more general class of infinite- 
dimensional (differential) representations with nontrivial spin parts. As a result, for the case of the 
4-dimensional Euclidean space, we generalize the scalar star-triangle relation to the most general 
star-triangle relation for the propagators of particles with arbitrary spins. 
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1 Introduction 


Recently, the quantum integrable spin chains with higher rank symmetry algebras have attracted much 
attention [28]. However, the most part of the methods developed so far enable one to deal only with 
s€(N)-symmetric models for which finite-dimensional as well as infinite-dimensional representations 
in the quantum space have been analyzed thoroughly. The fundamental equations which underlie 
integrability are the universal Yang-Baxter RRR-relation and its particular cases: the RLL-relation 
with the general R-operator acting in two quantum spaces and the RLL-relation with R-matrix acting 
in two finite-dimensional auxiliary spaces (e.g., in spaces of the defining representations of s¢(N)). The 
last case of the RLL-relation is also obtained by means of the evaluation homomorphism of the sé(n)-type 
Yangian: Y(sf(N)) > U(sé(N)). For sé(N)-symmetric models the general R-operator acting in two 
infinite-dimensional quantum spaces is known and it serves as a local building block in the construction 
of the Baxter Q-operators [19]. 

Much less is known about integrable quantum lattice models and spin chains with so(N) symmetry 
(see, however, [20], [21], [22]). Substantially, it is related to the fact that one of the basic algebraic 
object — the Yangian Y(so(V)) which can be defined by the RLL-relation with so(V)-type R- 
matrix acting in two finite-dimensional auxiliary spaces (the spaces of so(n) defining representations) 
does not possess the evaluation homomorphism Y(so(N)) => U(so(N)). One can think that in this 
case the Yangian Y(so(N)) could be substituted by a more sophisticated Olshanskii twisted Yangian 
or by the standard reflection equation algebra for which the evaluation homomorphism exists (see [24] 
and [25], respectively). However these type of algebras are used only for the formulation of integrable 
open spin chain models with nontrivial boundary conditions. 

In this paper our aim is to adapt some methods developed for sé(N)-symmetric spin chains to spin 
chains with so(p+1,q+1) symmetry which is interpreted as the conformal symmetry in R’?. Here we 
make the first step in this direction. 

The plan of the paper is the following. 


In Section 2 we recall basic facts about conformal algebra conf(R??) = so(p + 1,q + 1) and its 
representations [2}{7]. We construct representation of the conformal algebra so(p + 1,q+ 1) in the space 
of tensor fields by the method of induced representations. This material is more or less standard [2}{7]. 
Our approach is slightly different and appropriate for our own purposes and we include it for the 
completeness. There is also alternative approach — the so called embedding formalism [8}{13}. 

In Section 3 we collect some basic facts about L-operators. The L-operator for s¢(.N)-symmetric 
quantum spin chain can be constructed from the Yangian Y(sé(V)) by means of the evaluation homo- 
morphism Y(s(N)) > U(sé(N)) and is expressed as a polarized Casimir operator for gé(N): 


L(u) = u-14+T(Eiz) @ T'(Eij), 


where u is a parameter, Fj are generators of gf(N) and in the first space (auxiliary space) of the tensor 
product the fundamental (defining) representation T is taken and in the second space (quantum space) 
one can choose an arbitrary representation T’. Such L-operators were considered in [[4}17]. If we fix T’ 
as a differential (induced) representation [35], then the L-operator exhibits a remarkable factorization 
property and respects RLL-relation with Yang’s R-matrix. 

Henceforth, we define the L-operator as an operator L acting in the tensor product of some finite- 
dimensional auxiliary space and arbitrary quantum space (generically infinite-dimensional) and further- 
more L respects RLL-relation with a certain numerical R-matrix acting in the auxiliary spaces. For the 
conformal algebra so(p + 1,q + 1) of the pseudo-Euclidean space R?*+!-4+1, we consider the operator L 
which is constructed from the so(p + 1,q + 1) polarized Casimir operator acting in the tensor product 
of two spaces: the first one (the auxiliary space) is the space of a spinor representation (instead of 
fundamental one) and the second quantum space is the space of the differential representation of the 
conformal algebra so(p + 1,q + 1). It happens that in general this operator respects RLL-relation only 
if we choose special (scalar) differential representation of the conformal algebra in the quantum space 
when spin part Suy of the Lorentz generators is equal to zero. Corresponding numerical R-matrix (act- 
ing in the spaces of spinor representation) is rather nontrivial. For the first time it appeared in (see 
also [20]2I]), where the RLL-relation for the so(V)-invariant L-operator with fundamental (defining) 
representation in the quantum space was established. Thus, we generalize this result. Namely we prove 
that in the L-operator one can replace (in the quantum space) the defining representation to the infinite- 
dimensional scalar representation parameterized by the conformal dimension A. This new conformal 
L-operator can be factorized as well (similar to the s¢(NV) case) and as we will see it corresponds to a 
certain integrable systems [32)(34]. 

In Section 4 we specify formulae of the previous section to the case of the conformal algebra so(2, 4) 
in 4-dimensional Minkowski space Rt? (actually these formulas can be easily generalized to the case of 
any conformal algebra so(p + 1,5 — p) in 4-dimensional space R?4~?, where p = 0,1,2). This case is 
a special one since so(2,4) is isomorphic to su(2,2) (for complexifications we have so(6,C) = s¢(4,C)) 
and consequently we can establish connection with the known construction developed for sé(N,C). 
Indeed, as we show the L-operators for these two algebras are related by an appropriate change of 
variables. The numerical R-matrix for both L-operators is the Yang’s one (for the so(2,4) case it is 
shown in Subsection 3.2) and in the quantum space, for the conformal L-operator, we obtain the general 
differential representation of the conformal algebra with nontrivial spin part S,,,, i.e. we deal with 
representation pa g ¿ of so(2,4) parameterized by conformal dimension A and two spin variables £, È. 

In Subsection 4.2, following the approach [I9] which was developed for the s€(V,C) case, we re- 
produce intertwining operators for the product of two so(6,C)-type L-operators. These operators are 
building blocks in construction of R-operator which acts in the tensor product of two infinite-dimensional 
representations. As we indicate at the end of Subsection 4.2 the form of these intertwining operators 
is not manifestly Lorentz covariant. Moreover these operators are not properly defined can be treated 
only formally. That is why, in the next Section 5, the same intertwining operators and R operator are 
constructed directly without using the isomorphism so(6,C) = sl(4, ©). 

The main purpose of Section 5 is the construction of the general R-operator which acts in the tensor 
product pı ® p2 of two infinite-dimensional representations of the conformal algebra so(n + 1,1) = 


conf(R”) and solves RLL-relation with conformal L-operators. For the simplicity we restrict ourselves 
to the case of Euclidean space R” because in this situation all integral operators are well defined in 
generic situation. In the case of the conformal algebra so(n + 1,1) = conf(IR") we construct R-operator 
for the scalar (Suv = 0) representations pa, ® pa, and in the special case of so(5, 1), i.e. the conformal 
algebra of the 4-dimensional Euclidean space, the R-operator is constructed for a rather general class 
of representations PA, i, È PAs, lobo with nontrivial spin parts. 

We build the general R-operator as a product of simpler operators S1, S2, S3 which respect relations 

of RLL-type: SLL’ = L”L”S. Each L-operator depends on the set of four parameters (u, A, l, Ê) and 
the RLL-relation implies that the R-operator, intertwining the product (Lı - L2) of two L-operators, 
interchanges the sets of their parameters: (u, Aj, %4, È) & (v, Ag, l2, 2). Consequently it is reasonable 
to implement this transposition in several steps and to consider operators S1, S2, S3 which intertwine 
two L-operators and transpose (or change) only a part of their parameters. The operators Sı and S3 
separately change the parameters in the first and second factor of the product Lı - Lə. Actually the 
operators Sı and Ss can be identified with the intertwining operators of two irreducible representations 
of the conformal algebra so that our construction has a transparent representation theory meaning. 
The operator S2 interchanges parameters between the factors Lı and Lz and the form of S2 is obtained 
from the intertwining operators Sı and $3 by some kind of the duality transformation. This duality 
transformation is very similar to the one obtained in the spin chain model (see also [42]). It also 
resembles the dual conformal transformation for the Feynman diagrams [43)/44] and for the scattering 
amplitudes in maximally supersymmetric N = 4 super Yang-Mills theory K546]. 
Finally, the general R-operator that implements a special transposition in the set of parameters can be 
factorized in a product of operators $;,52,53 which represent basic elementary transpositions. There 
are certain relations for the basic building blocks which produce all other relations for R-operators. 
Indeed, the Coxeter (braid) three-term relations in the symmetric group are represented as follows 
515281 = S25 1S2 and S3S253 = S2S3S2. These Coxeter three-term relations can be interpreted as 
star-triangle relations and play the important role in the construction of the general R-operator. In the 
n-dimensional scalar case these relations are well known star-triangle relations [38], for propagators 
of scalar fields. In the case of the conformal algebra so(5, 1) of 4-dimensional Euclidean space we prove a 
new star-triangle relation for generic representations of the type p4 p ¿ included spin degrees of freedom, 
i.e. we generalize the scalar star-triangle relation to the star-triangle relation for the propagators of the 
spin particles. 

Recall that the star-triangle relations happen to be a corner stone in the integrability of many lattice 
models of statistical mechanics [26] (see also papers [27] and references therein). At the end of Subsection 
5.1 we show that the scalar star-triangle relations can be used for the formulation of the n-dimensional 
variant of the integrable lattice model proposed by Lipatov (see also where another integrable 
lattice models were constructed and investigated by means of the scalar star-triangle relations). To our 
knowledge integrable models related to the new spinorial star-triangle relation of so(5,1) type are still 
unknown. 

In Appendix A, we prove this new star-triangle identity directly evaluating corresponding integrals. 
In Appendix B, we sketch a useful technique for calculations with the algebra of gamma-matrices 
needed to prove RLL-relation for spinorial R-matrix in Section 3. 


2 Conformal algebra in R”! 


In this Section we summarize some facts about conformal Lie algebras; these facts are needed in 
subsequent Sections. Let R” be a pseudoeuclidean space with the metric 


Quy = diag(1,...,1,-1,...,-1). 
Á ee’ 


P q 


Denote by conf(R”:?) a Lie algebra of the conformal group in R?:? with basis elements {L uv, Pa, Kp, D} 
(u,v =0,1,...,p+q—1) and commutation relations: 


[D, P,] =iP,, |D, K,] =—-1K,, , [Luv , Lpo] =i (Gup Lpo + Guo Lup — Jup Lue — Ivo Lup) 


[Kp, Ly] =1 (Jou Ky — gp Ky.) , [P, ) Ly] = i (Ipu P, — Gov P) ) (2.1) 
[Ky, Po] = 2i (gu, D — Ly), [Pr Bd = 0, [K,, K,] =0, [Ly , D) =0. 
Note that elements L,,, generate the Lie algebra so(p, q) of the rotation group SO(p, q) in RP‘. 


It is known [I] that conformal Lie algebra (2.1) is isomorphic to the algebra so(p + 1,q +1) with 
generators Mas (a,b = 0,1,...,p +q + 1) subject relations 


(Map, Mac] — i(gvoaMac F Jac Mrva = Jaa Mre = GoeMaa) ’ (2.2) 
where gab is the metric for RP+14+1, 


Ja = diag(1,...,1,—1,...,—1,1,—1). (2.3) 
A a 
Pp q 


The isomorphism of Lie algebras so(p + 1,q + 1) and conf(R?:?) is established by the relations (see, 
e.g., [2]): 
Luv = My ; Ky = Many - n+l,p > 
H H H H H (2.4) 
P, = Miu T Mn+i,pu , D=- n,n+1 5 (n =p+ q) : 
Using these formulas one can write relations (2.1) in the concise form (2.2). Define a quadratic Casimir 
operator 


1 
Ca = Ma M”, (2.5) 


which is the center element in the enveloping algebra of so(p + 1,q + 1) = conf(R”1). In terms of 
generators of conf(R”4) the operator Co (2.5) is written as 


1 
Ons (Lup L” + P, KY + K P”) — D’, (2.6) 


where the identification (2.4) has been used. 

Now we describe matrix representations for the conformal algebra conf(R??) = so(p+1,q +1) which 
we call spinor representations. We consider only the case of even dimensions n = p+q (the generalization 
to the odd dimensional case is straightforward). Let +, (u =0,...,n — 1) be 2%-dimensional gamma- 
matrices in R??: 

Yu Ww Ewu = 29, (2.7) 
fay EA ay 0? = EDS , (2.8) 


where I is the unit matrix and the constant a is such that y2,, = I. Using gamma-matrices (2.7) one 
can construct gamma-matrices l'a in the space R?*+14++ with the metric gay (2.3): 


Py= oe m=(, a (u =0,...,n-1), 


Yu 
O I . O Mn 
Ez = 01 Ql = a) 5 Pasi = 102 8 Yn+1 = en a 3 (2.9) 
I O 
Pnt = ~alo- Tie Tny = = ; 


where O is the 2?-dimensional zero matrix. Here and below we use the standard Pauli matrices 


eC cane ane o), a) 


Matrices (2.9), as it follows from (2.7), indeed satisfy Clifford relations for gamma-matrices in RP+14+1, 
Lap = 29gal, T= her, (2.11) 


where I> is the 2 x 2 unit matrix. Now the standard spinor representation T for the generators May of 
the Lie algebra so(p + 1,q + 1) (2.2) is 

i 
4 
Substitution of (2.9) into (2.12) and using (2.4) gives the spinor representation for conf(R”4) 


T(Ma ) = (Ta Te -Tb Pa) : (2.12) 


T (Ly) = $128 [yes w], T(Ku) = U @ Yn+1 Yu — 93 @ Yu) » 
T (Pu) = —3 2 8 nti +038 Wu), TID) = $038 Yny, (2.13) 


u,v =0,1,... n1, n=pt+q. 


This representation is reducible since all matrices (2.13) have the block diagonal form 


i 0 —3(l aia 0 
T(Lyw) = ( 4 De vl, ). T(K,)=( 2 wre 
( ” ) ( p i [Ya Yu] ( u) 0 i $(1 + Ynti) Yu (2.14) 
T(P,) = —4(1 + Yn+1) Ya a 0 _ T(py=( 2% e 
0 2 (hei) Yu 0 2 Yn+1 


Thus, the representation (2.13), (2.14) can be decomposed into the sum of two 2?-dimensional rep- 
resentations of conf(R??). In fact these two representations are related to each other by the obvious 
automorphism of the conformal algebra (2.1): 


Ly >L P, >-Kp;, K> -Pa DoD. 


pv > 


One of these representations, after applying the commutation relations for gamma-matrices, can be 


written in the form 
i = Lm _ 
Ti (Luv) =a [Ys |= luv, Ti(K,,) = Yp at = ky, (2.15) 
Ty(P,) =, SH) = p,, T1(D) = -$ m1 = 4, 


and it is not hard to check directly that the operators (2.15) possess needed commutation relations 
C1). 


Further we use the common representation (see, e.g., recurrence (2.9) ) for the gamma-matrices (2.7): 


(Oo f0 T+ mat (10\ I- _ (00 
pele ie = — Slos] ~o “lois Pe 


where 1, op = ||(O,)oal| and Fp = ||(&,)**|| are 27-1 - dimensional matrices; 1 is unit matrix and 
On, Tp satisfy 
Cpr t+ OyOpn = 291, Opor tO ,6On =2Gw1 , (2.17) 


Equations (2.17) follow from identities (2.7) and representation (2.16) for y,. In terms of gamma- 
matrices (2.16) conformal generators (2.15) can be represented as 


luv = laws] = quae mes LF a ` = k = ) (2.18) 


4 
00 0 ot i (10 
H — H — = —— 
Pelot Go OAE 


Recall that the matrices @,,, as well as their diagonal blocks 


= E = a = ht 
(4.00 — tty) = (Awe lly Fu = gO — Fon) = ||) sll , (2.19) 


i 
Ow =F 
K 4 


are different spinor representations of the basis elements L,,, of the algebra so(p, q). 


Remark 1. It is well known that any two 2”/?-dimensional representations of the Clifford algebra (2-7) 
are equivalent. Since the both sets of matrices {7,,} and {y} } represent the same Clifford algebra (2.7) 
we have 

y= Coy, w=O0,...,n—-1, (2.20) 


where matrix C € Mat(2”/?) can be fixed such that Ct = C. For matrices ¢,,, (2.18) and corresponding 
group elements 


AFI 0 
U = exp(liw” Lu) = =o ,  det(U)=1, (2.21) 
E 0 ||A gil 
where wt” € R, relations (2.20) give 
(= Clu C > UCU=C. (2.22) 


The last equation means that U are pseudo-unitary matrices and their upper-diagonal blocks A (as well 
as their low-diagonal blocks A) generate matrix Lie group which is denoted as Spin(p,q). Definition 


(2.8) of yn+1 and relations (2.20) yield 
Ts =a" C-n- 0° C= (—1) iets 2 Ce (2.23) 


Note that there is a freedom in the definition of y-matrices (2.16) and matrices o,,, F, (2.17): 
xO az! 0 asij = = = 
nafaa he > Op >Op YY, Fp >Y Ty ue, (2.24) 


where x,y € Mat(2”/2-1). Then, applying this freedont!] and using relations (2.20), (2.23) and explicit 
form (2.16) of matrix yn+41 = 7,41, we partially fix the matrix C according to the cases: 


co 


1.) q — even => c=(5 


) , och € Mat(27/4-*) s 
(2.25) 
Og t n/2-1 
2.) q— odd > C= gole E58 E Mate ). 
Finally, from (2.25) we deduce the following relations for diagonal blocks A and A of the matrices U 
(221), (2.22): 


1.) q — even > At-c-A=c, Acc Asc; 


= (2.26) 
2.) q- odd => A=gi!-(A71)i-g. 


Remark 2. For the complexification of the group Spin(p, q) when parameters w”” in are complex 
numbers the second relation in is not valid. Here we present another conditions for blocks 
A, A € Spin(p, q) which are correct even for the complex case and which will be used below. Again the 
sets of matrices {y,} and {yr} represent the same Clifford algebra and therefore we have 


=C- yu C, p=0,..., 0—1. (2.27) 


1The matrix yn+1 does not changed under the transformations (2.24) and one can bring one of the matrices y, (for p 
such that guu = +1), say yo, to the standard form yo = a i 


For matrices ¢,,, (2.18) and corresponding group elements (2.21) relations (2.27) give 
Co =O lw: 0 SU SC (2.28) 
Definition (2.8) of yn+ı and relations (2.27) yield 
Yiya =a (1 Case OS 1 Coe HO, (2.29) 


where we have used that n is the even number. Then, applying the freedom (2.24) and using relations 


(2:27), (2:29) and explicit form (2.16) of the matrix yn+1 = YZ+1, we fix operator C in (2:27) according 


to the cases: 
co 


1.) 2O- _ even => te 


) , cT =¢ € Mato?) . 
5 (2.30) 
2.) 2 -odd > CH= P s) , B =g € Mat(2"/2-). 
Finally, from (2.30) we deduce the following relations for diagonal blocks A and A of the matrices U 
2D, CA: ; 
1.) ni) —even => A?-c-A=c, A -c Asc; 
(2.31) 
2.) 20 _ odd > AT-g-A=g. 


2.1 Differential realization for conformal algebra and induced representa- 
tions 


The standard differential representation p of elements {L uv, Pa, Ky, D} of the algebra (2.1) is [2]: 


p( Py) = —10z,, =Pu, p(D) = "f, —iA, (2.32) 
plL) = luv + Spr, p( Ky) = 22” (oy + Sip) + (2 av) By — 2iAz, , 
a = (£v pu = Tupo) ) 
where x, are coordinates in R®4, A € R — conformal parameter, Syy = —S,, are spin generators with 
the same commutation relations as for generators L,,, (see (2.1)): 
[Suv, Spo] = i(QupSpo + Quo Svp = JupSvo = Ivo Sup) 5 (2.33) 


and [S pv, £p] = 0 = [Suv Po]. Note that in the differential representation (2.32) the quadratic Casimir 
operator (2.6) acquires the form: 


1 a cK 
p(C2) = 5 (Suv 9” — Gu Ot”) + ACA =n). (2.34) 


In this Subsection we obtain the differential realization of the conformal algebra by means of 
the method of induced representations. Our method is slightly different from the method which was 
used in [2]. 

First we pack generators into 2”/?-dimensional matrix 


LT, (M*) - p(Mav) = HE - p(Lyv) +p" p(Ky) + k” - p(P,)] — d- p(D) = 


_ (L+8+4o(d)1 p (2.35) 
-( K E l 


where the representations Tı and p were defined in (2.15) and (2.32), respectively. In eq. (2:35) and 
below we use notations 


= 70" buy , L=30 by, P= Zo" Py = -3 0" Or, ; (2.36) 
S=los,, B= Sw, K=45"p(K,), x=- s. l 
Then we need the following technical result. Namely, operators (2.36) satisfy identities 
i. = TE 
L=-p:x- 5(b,2")1, L=x-pt5(a"p,)1, (2.37) 
K = (x-S-5-x)-x-p-x+(A-2) x, (2.38) 


Indeed, the first identity in (2.37) can be deduced as following 
a = r 1 a a eee a 
L= g7 2 (putv — Pytp) = -3P x g s" 1 — oT" ple, =-p:x-— 5 (P"tu)1, 


where we have applied (2.17). Second identity in (2.37) is obtained analogously. To prove identity (2.38) 


we note that a 
x-S—-S-x=o'2' Sw, 
; i i , (2.39) 
xipi x = (Txu) (2 p,) + 4a? (@"p,) + 2 i (Ezp), 


where we again applied (2.17). Then (2.38) follows from (2.32) and (2.39). Now we substitute (2.37), 
(2.38) into (2.35). As a result the matrix (2.35) can be written in the form 


HTC) tn) = È ie a oe p ie (2.40) 
2 x-S-S.-x-x- pre (A Flex, —4-14+S+x-p 
and this form of (2.35) will be extensively used below. 
Now we consider the set of matrices 
A=i(wh” luv +a” pu +” ky, + 8d), (wt, a”, b”, BER), (2.41) 


which are the linear combinations of the generators (2.18). These matrices form a matrix Lie algebra. 
The corresponding matrix Lie group G is isomorphic to the group Spin(p+1,q+1). The elements g € G 
(at least that which are closed to unity) can be represented in the exponential form 


g =exp(iwt” Luv + ia” pu + ib” ky, +ib d) . 


We stress that elements g € Spin(p+1,q+1) satisfy one of the equations in (2.26) depending on the case 
of (q + 1) is even or odd. The group G ~ Spin(p + 1,q + 1) has a subgroup H C G which is generated 
by elements {luv, ku, d}: 

h = exp(liw"” luy +ib” k +iBd) E H. (2.42) 


This fact immediately follows from the commutation relations (2.1). In the representation (2.18) the 
elements (2.42) can be written in the matrix form 


e? - expliwt” O uv) e? No 6-1 0 A Ao 
2 P | = om pa een. (2.43) 
0 e— 2 - expliw Tuv) 0 6-1 OA 


where we denote = = ef., We recall that matrices A, A were defined in (2.21), (2:26) and they 
satisfy det(A) = det(A) = 1. The coset space G/H can be parameterized by the special elements of 


Spin(p + 1,q+1) 
: 1 0 1 0 
Z = exp(—iz" pu) = aa i) = E A , 


and any element g € G is uniquely represented as a product g = Z - h, where Z € G/H and h € H. The 
group G ~ Spin(p + 1,q + 1) acts on the coset space G/H as following 


1.Z=Z7'.h", WEG , VZEG/H, (2.44) 


where h € H and Z’ € G/H depends on g and Z. We take g~' and Z’ in the block form 


g i= o a ; a= k i) € G/H. (2.45) 


and from (2.44) we deduce expressions: 


=(C+Dx)(A+ Bx)" , (2.46) 
po = (“ eu a G 5) . (2.47) 


For the subgroup H consisting of elements h (2.43) we define the representation T which acts in the 
space of tensors ®41.742¢ of the type (£, Â: 


[T(h) - 6] = ô^ a (A) E . IĊ, 0 


a (2.48) 


o. 


Here we assume that parameters 6, ô of h are independent and a and å denote collections of indexes 
(ai... azg) and (å1 ...&¿), respectively. Matrices t and ¢ are two inequivalent representations of the 
subgroup Spin(p, q) © C Spin(p+1,q+1). Matrix t corresponds to the representation of the type (4,0) with 
undotted spinor indices while corresponds to the representation of the type (0, 6) with dotted spinor 
indices. In particular for (1/2,0) and (0, 1/2) type representations we have (see (2.21)) t(A)°, = A“, 
and #(A),? = xf, respectively. 

Then we induce representation (2 of the subgroup H to the representation p of the whole group 
G. The representation p acts in ihes space of tensor fields OE (x x) according to the rule 


p(g)- P(x) = [T(h) P(x) ; hEH ; gEG, (2.49) 


where elements g, h and parameters x, x’ are related by the formula (2.44). 
g 


Our aim is to find the infinitesimal form of (2.49). To do this we first take the element g`! (2.45) in 
the infinitesimal form 
l—-e =E 
—1 11 12 
= = fs — ij ‘ . 
gta (7S E) =T- leol (2.50) 


where the 2 x 2 block matrix ||¢;;|| can be represented as linear combination (2.41) of Spin(p+1,q+ 1) 
generators and in particular we have tr(£11) = — tr(€22) € R. It is easy to find from (2.46) that 


/ 
x =X + (—€91 — E22 X +X E11 +X: E12" X) , 


and for the parameters ô, 6 and diagonal blocks of matrix h (2.43) we have: 


ô = 1 + tr[e11 + €12- xX], ô = 1 + trles2 — €12 - X] , 
A=1 (€11 FEX tr[e1 4 -x]- 1)=1+e(x) 5 
A=1+4 (£22 — X: £12 — tr|e22 — €12 - PA 1) =1+2(x), 


where to simplify formulas we normalize the trace such that tr(1) = 1. In particular this normalization 
yields 
tr[o,o] = Guv > tr[o,7,0)F >| =2 (Gupte — Gur9up + Iupgva) , 


Further we assume that generators Suy (2.33) of infinitesimal Lorentz transformations are related to 
matrix representations t and ¢ (2.48) of the Lorentz subgroup by means of the formulae 


ta (1 + e(x)) = da + 2trle(x) Sa], ÉA +E) = 6%, + 2 tr[E(x) 543, 
where Sa = 4(9)a -oy and B$; = 4(9)Ê, -Fy (see (Z30)). Operators (SH) and ($#”)%, 
define the action of generators Sy on the tensor fields of (¢,0) and (0, Ê) types ‘ 
yee a a 
(S# Ja Og = (Cw) a, Paaz--aze E E (Cw) as, Da, ---a2¢_10 , 
ae a a (2.51) 
(PE DË = (Gy), BHO ML H+ yu) DHE, 
Thus, for (2.49) we have 
p(g) (x) = (1 + (A trlei + E12 x] = A trlé22 — £12 x] +2tr [(eu + €12 x) S] +2tr [(E22 = x£12) 5] )) . 
- ®(x + (—€91 — E22 X + X £11 + XE1QxX)) . (2.52) 


According to (2:50) we denote the infinitesimal part of p(g) as p(||ei;||) and write the Lh.s. of (2:52) in 
the form p(g) ®(x) = ®(x) + p/(|leis||) - P(x). Next we transform infinitesimal part of r.h.s. of (2.52) in 
the form of the trace by using expansion 

Ð (x — e(x)) = (14 2tr[e(x) PEE), p= -5 o" Aen , (2.53) 


and cyclicity of the trace taking into account the noncommutativity of operators x and p, e.g., tr [X - £11 - p] = 
tr [eu(p -x+ 2)), etc. Note that the operator p is the same as in (2.36). As a result we write (2.52) 
in the form 


pille) Ox) = 2tr [er - (43 +S—px) +612- ((A-#)x+xS—Sx-—xpx)+ 


+ €21°P+€22° (-4 +S+ xp)| (x) = Tr pena (Ti(M) 8 p(Mas)) ®(x) . 
E21 E22 


From this formula we immediately recover generators (2.32) of the conformal algebra collected in the 
blocks as they appear in the matrix (2.40). 


At the end of this Section we list global forms (2.46) of four basic conformal group transformations 
and give corresponding elements h € H, g € G which are used in (2.49). 


e Translations 


g = ett" Pu = e i) x x! =x-—-—a 4 h = a `) ; ais ia Tp á (2.54) 
e Lorentz rotations 
g= etter = (45) x -A-x-A, a= (35) : (2.55) 
e Dilatation 
A B 
g= ébad — K s) f x’ = efx > h= K | : (2.56) 


e Special conformal transformations 


gaali an x’=x-(1-—b-x)', (2.57) 
1—b-x)!, (1—b-x)!-b-(14+x’-b)71 
mi a4 l a PB iat. 
0, (1+x’-b) 


At the end of this Subsection we stress that all formulas (2.54) — (2.57) are written for the case when 
dimension n = p + q is even. 


2.2 Spin operators S and S 


According to previous Subsection we consider the representation of the conformal algebra in the space 
of tensor fields P41.22 (x) (see (2.48) and (2.49)) of the type (£, 4). Here and below in the capacity of 
the argument of fields ® we use the point x € R?? with coordinates x, instead of corresponding matrix 
x (2.36). The generators S,» act on the tensor field of the type (£, £) according to the formulas (2.51): 

ieee ss OOo; Sees ae 
[Suv Ploy are = (Ow) Doon---cae morad (Twas, Paranta + (2 58) 
4 ag) Dee Pasay) 
First we discuss the very special case of representations of so(p+1,q+1) when tensor fields Bor iai (x) 
are such that dotted and undotted indexes compose symmetric sets separately. In this situation it is 
convenient to work with the generating functions 


Bw, A, A) = Da az (w) AM AMEN Kany s (2.59) 


where À and À are auxiliary spinors. Using these generating functions the action (2.58) of generators 
Sy, can be written in a compact form 


[SP] (@,A,2) = [Ao wy + AF pA] (e, A, A) , (2.60) 


where 7 f 
ÀO vO =No (Ow) °s On, ; VF pv Ox = \* Gall O56 ; 


In accordance with (2.60) we obtain the realization of the spin generators S,,, as differential operators 
over spinor variables 7 
Suv = AGyvO, + AF pv Ox « (2.61) 


One can easily show that operators S,» defined in (2.61) respect commutation relations (2.33) for the 
algebra so(p, q). 

Now we consider the 4-dimensional Minkowski case n = 4, ie. R?4 = Rt’. In this case the 
dimension of the spinor spaces is equal to 2”/? = 2 and tensor fields ®&i. a2 (x) are automatically 
symmetric under permutations of dotted and undotted indexes separately. For the Minkowski space 


IR! 3, in the expressions for gamma-matrices (2.16), we choose 
On = (o0, O1, 02,03) ; Cu = (00, —01,—02, —03) ; (2.62) 


where 09 = Iy and 61,02,93 are standard Pauli matrices (2.10). One can check that o,,, F, satisfy 
identities (2.17) with ||g,,.|| = diag(+1, —1, —1,—1). To proceed further we note that 


Cw D0” =0i 90i , Twm DT” =0 80 , Om QT =0, 
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(sum over i = 1, 2,3 is implied) consequently by using (2.61) we get for the self-dual components of Suv 


1 1 5 Mô — $20) A20 
=- g” = 2 es ; ef 1 2 2 1 
S= 5 o” Say 5 ai: (Ag; Oy) ( N = NEA 1 Nei, (2.63) 
and for anti-self-dual components of Spv 
a_l 1 ~ 2 Kig-, — 1 2a; 328- 
S= -7 Sw =c: ðs) =] 20 AN, BO A si a z 2.64 
2 a 2 a (Ao a5) ( A Oke —4 r54 + sie) ( ) 


In fact the operator S is restricted to the space of homogeneous polynomials in components of the spinor 
À of degree 2¢ (see (2.58) and (2.59)) so that one can choose new variables xı = -3 t = —A2 and 


obtain that S coincides with the following matrix S(® which contains parameter £ (the eigenvalue of the 


operator 5t0;): 
Oy, — £ —O S: S_ 
so = ( on a xa )=( 33 ) : 2.65 
Xi Oy, — UX, =X Ay +L Say = e 


Similarly the operator S is restricted to the space of homogeneous polynomials in components of the 


spinor d of degree 20 so that for the the choice X2 = -4 one obtains S = 3 where 


a(é) X2ðx, — Ë, —d, ) _ (3 f Z) 
g™ — 2: 2 = an . 2.66 
r Ox, — 2l X2 » —X2 ôx, +£ Sy ; — S3 ( ) 
For constructing general R-operators in Section 5] we will need Euclidean analogues of the previous 
formulas. For 4-dimaensional Euclidean space R* we choose gamma-matrices (2.16) such that 


Op = (90,101, i02, 103) , T, = (G0, -i01, —t02, —io3) , 


and ou, Fp satisfy relations (2.17) with ||g,.|| = diag(+1,+1,+1,+1). Let us mention that explicit 
experessions for SM , g” (2.65] (2.66) remains valid. 


3  L-operators 


Let V be a vector space and I is the identity operator in V. Consider an operator R(u) € End(V @ V) 
which is a function of spectral parameter u and satisfies Yang-Baxter equation in the braid form 


Rio(u = v) Ros (u) Rio(v) = Ros (v) Rı2(u) Ro3(u = v) E End(V (02) V ® V) . (3.1) 


Here we use standard matrix notations of [I4)[I7], i.e. we denote by Ro3(u) the operator R(u) which 
acts nontrivially in the second and third factors in V & V & V and as identity J on the first factor, then 
Rio(u) = R(u) @ I, etc. Let V’ be another vector space and I’ is the identity operator in V’. We call 
operator L(w) € End(V & V’) as L-operator in the spaces V and V” if it obeys intertwining relation 


Rio(u =x v) Lig (u) Lo3(v) = Li3(v) Lo3(u) Rio(u = v) E€ End(V ® V ® v’) . (3.2) 


Here again indices 1, 2,3 indicate in which factors of the space V @ V & V’ the corresponding operators 
act nontrivially, e.g., La3(v) = I 8 L(v), Ri2(u) = R(u) 8 I’, ete. 

In this Section we consider a special form of L-operators which is related to simple Lie algebras A 
and their representations. Let Xa (a = 1,...,dimA) be generators of A and ||gab|| — matrix of the 
Killing form for A in the basis {Xa}. Introduce a polarized (or split) Casimir operator for A 


r=g® X9 Xp E AQA, (3.3) 
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where g® is the inverse matrix of Killing form. Recall that quadratic Casimir operator Co = g% Xa- Xp 
is the element of the enveloping algebra U( A). The operator r satisfies identity 


[r12 + r13, Ye3]=0, (3.4) 
where again we have used standard notations 
r13 =g” X09189 X » Tie =g” Xa @ Xp, 8&1 » r23 = g?1@X,@Xp j 


and 1 is the unit element in U (A). 
Let T and T’ be representations of A in vector spaces V and V’, respectively. Further we investigate 
special solutions of equation (3.2) which can be represented in the form: 


L(u) = (T OT')(u181+r)=u(I 8T) +g” (Ta9T}) € End(V@V’), (3.5) 


where Ta := T (Xa) and Tj := T’(X»). The matrix (8.5) is constructed by means of polarized Casimir 
operator (3.3) for the algebra A and as we show in next Sections this matrix is a solution of equation 
(8.2) only for the special choice of the algebra A and representations T and T”. 


3.1 The case of the algebra A = sf(N,C) 
Consider Lie algebra gé(N,C) with generators Fi; (i, j = 1,..., N) which obey commutation relations 
|Eij, Exe] = fjr Eie — Oe En; - (3.6) 


One can embed Lie algebra sé(N,C) into the algebra g@(N,C) by choosing generators Xa of s€(N,C) 
as Ey; (i # j and i,j =1,...,N) and Hg = Ekk — F om Emm, Where only (N — 1) elements Hj, are 
independent in view of the equation $., Hk = 0. These generators satisfy commutation relations 
[Bij, Exe] = bjn Bie —OeEny, tA lorjA#k, (Bij, Ej] = Hi- H; , (3.7) 
[He, Eij] = (Ski — 5kj)Eiy » (He, Hi] =0. . 


In the defining representation T of sé(N,C) the elements E;; and Hy are (N x N) traceless matrices 
1 
T(Eij) = eij, T( He) = exe — pin = he » (3.8) 


where e;; are matrix units and Iy = 0 ; €jj- Matrices (8.8) act in the N-dimensional vector space 
Vy = CX. Introduce permutation matrix Pj. which acts in the space Vy @ Vy as following 


Pi2 w1 8 w2 = w Q w1, Vwi, w2 € Vn. (3.9) 
Proposition 1. The operator (cf. (8.3) 


L(u) =uly @14+ 9) i @Hi+ >> ej 8 Ej, (3.10) 
i ižj 


is the universal L-operator for the Lie algebra sl(N,C). In other words the operator {8.10) satisfies 
intertwining relations with Yangian R-matrix 


Rio(u) =uPi2+Iy @In , (3.11) 
and the universality means that the second factors in (3.10) can be taken in an arbitrary representation 


T’ of se(N,C) (cf. (3-9). 
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Proof. First we write operator (3.10) in terms of gf(N,C) generators 
L(u) = (u — 1/N) In 8 1 + eij Q Eji , (3.12) 


where the sum over all indices i and j is implied. Note that the split Casimir operator r = Ej; ® Eji 
satisfies equations (3.4) and we have 


eii D Li =(TOel)r, (T@T)r=ej; 8 eji = Pre. (3.13) 
Substitution of (8.12) into (8.2) and using (8.13) gives relation 
(u — v) Pio (T T @ 1) ([r13, r23] + [r12, r23]) = 0, 


which is identity in view of (3.4). Thus, L(u) (8.10) satisfies intertwining relation (3.2) and it means 
that L(u) is the L-operator. e 


Now we take the second factors of universal L-operator (3.10) in the differential representation p of 
sl(N,C) (see [I9] for details) and make the redefinition: 


(1@p)L(ut+1/N) > Lu) =uly @ p(1) + eij 8 p(Eji) - (3.14) 
N 
The representation p is characterized by parameters (p1,..., pN) subject condition X` pk = N(N —1)/2 
k=1 
and it is important that spectral parameter u and parameters pp are always collected in combinations 
Uk = U— Pk. (3.15) 
The L-operator (3.14) can be written in the factorized form [I9] 
L(u,...,un) = Z: D(u,... uN) Z}, (3.16) 
where low-triangular and upper-triangular (N x N) matrices Z and D are 
N 
Z=In + 5 Zkm€km, D(u1,... uN) = Xou €kk + X Dy Ci; - (3.17) 
k>m k=1 i<j 


Here we use notation 


N 
Dij =ô- I zkjðki, ðn =;, (i<j). (3.18) 
k=j+1 s 


We stress that all elements of matrices Z and D have to be interpreted as operators acting in the space 
of functions f (Z). The important fact is that there exist operators Tp (k = 1,..., N — 1) which permute 
parameters ux and ukķ+ı in L-operator: 


Tr L(u1,..., Uk, Uk+1,- Un) = L(U1,...,Uk+1, Uk- Un) Tk. (3.19) 


One can find that 
Tk = (Dpp) PH , (3.20) 


where Dk, ,k+1 are the elements of the matrix D. 

The operators Tp have clear group theoretical meaning as intertwining operators [3586] for equivalent 
representations which differ by the permutation of parameters pp and pk+1. These intertwining operators 
corresponds to the elementary transpositions sk in the Weyl group. In the case under consideration the 
Weyl group of s€(.N,C) is the group of permutation of parameters (p1,..., Pn): 


Sk : (Ply -- -3 Pk Pk+1;- xe Pn) -7 (Oies pkt bkrr Pa) x (3.21) 
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As an illustration we present L-operator (8.16) for the simplest s@(2,C) case (N = 2). In this case 
pı + p2 = 1 and it is convenient to use standard spin parameters £ instead of parameters pı and p2 : 


pr=l+1 , po=—-l, w=u-l-1, u=ut+e. (3.22) 


Then we write operator L(u1, u2) (8.16) for N = 2 in the form 


tasu = (23) (9 we) Ca) = 


zð; —£ —O 
= z ’ z — (€) 
whet (ay ope, a ub+s™, 


(3.23) 


where z = za and elements of matrix S are generators of s¢(2,C) in the standard differential realiza- 
tion. One can directly check the identity 


oH. gi = g(—4-1). g2, 


which corresponds to the permutation pı + p2 and justifies (8.19) and (8.20). In Section we 
investigate L-operator (3.16) for the s4(4, C) case. 


3.2 The case of the Lie algebra A = so(p + 1,q + 1). Spinorial R-matrix 


Let Ty (a = 0,...,2 +1) be 2%*!-dimensional gamma-matrices in R?*14+! (2.9), where n = p + q. 
Operators Ta are generators of the Clifford algebra (2.11) which, as a vector space, has dimension 2"*?. 
The standard basis in this space is formed by antisymmetrized products of the [-matrices 


1 
Laras = Fy So (-1P Psa) i Tsa) ETa (WkSn+2), Ta, =0 (Wk>n+2), (3.24) 


where the summation is taken over all permutations s of k indices {a1,... ap} —> {s(a1),...,$(ax%)} 
and p(s) denote the parity of the permutation s. We start from the general SO(p + 1, q + 1)-invariant 
expression for the R-matrix which acts in the tensor product of two vector spaces V of 27+!-dimensional 
spinor representations of SO(p + 1,q + 1) 


R(u) = >> Balt) Taa, OT € End(V 8V). (3.25) 


Note that in the r.h.s. of (3.25) the summation over k is not run up to infinity since it is automatically 
truncated by the condition k < n + 2 (see (8.24)). We show in the Appendix B (see also [29], [80], 
20], [BI]) that the R-matrix satisfies Yang-Baxter equation if coefficient functions Rz(u) 
are fixed as R(u) = 0 for odd k and obey the recurrent relation 


utk 


RS = 


R,(u), (3.26) 


for even k. Recall now that the Lie algebra so(p + 1,q + 1) is generated by elements Map subject 
commutation relations (2.2). The operator L(u) (3.5) of so(p + 1, q + 1)-type can be written in the form 


1 
L(u) =ul@1 + 5 T(Mav) ® M®, (3.27) 
where T denote the spinor representation (2.12) of so(p+1,q+1) which acts in the space V. The gen- 


erators Map which are in the second factors of L(u) can be thought as taken in arbitrary representation 
T’. Now we investigate the cases when operator L(u) defined in (3.27) satisfies intertwining equation 


15 


(8.2). After substitution of L(w) (8.27) into (8.2) (with R-matrix (8.25)) and some calculations (see 
Appendix B) equation (3.2) acquires the form 


2 1 
a [e+ n — k) Rr+2(u) + (u +k) Ralu) T' (Mab) ma S Terier — Ler..er ® ele 


y co 
> a [Rest i Reato) T'{ M% , M°a}) posa QT 4 pieng Bien =ü, 

= (3.28) 
where {A,B} = A- B+ B-A. The first term in the previous equation turns to zero due to recurrence 
relation (3.26). The second term could be equal to zero for special choice of the representation T” of 
generators Ma» and for special projections in spinor spaces V, e.g., Weyl projections V > Vi = nei nts V 
or choice of the Majorana representation for gamma-matrices. We consider more restrictive condition 


which is 


T' ({ Mja, Mqa}) =0. (3.29) 


Here square brackets denote antisymmetrization. Below we itemize some cases when the condition (3.29) 
is fulfilled 


e The differential representation T”: 
Mab = T’ (Mav) = (Ya Op — Yb Oa) ’ (3.30) 


are coordinates in the space R?+!4+1, 


where 0, = 


ð 
Oy? 


Fundamental (defining) (n + 2)-dimensional representation T”: 
Mab > T' (Map) = ig(€ab = Eba) ; (3.31) 


where eab are matrix units and g = ||gao||. This case was considered in [29] and [80]. 


The differential representation T” = p (2.32) for the scalar case Sy = 0 and arbitrary A: 
Mar > T’(Mas) = p(Ma), Suv = 0. (3.32) 
Using relations (2.4) the conditions (3.29) are written as 
p({Liw Lxo}) = 95 p (Liw: Pa} = 03 {Liaw Kryj}) = 0 


p({ Lun, DY) + 50(E Kus P} — 50 ({ Kos Pu}) =0. 


One can directly check that these conditions are identities. One can also check that the represen- 
tations (3.31) and (3.32) can be extracted from the differential representation (3.30). 


In the following Section it will be important that in particular case of conformal algebra so(2, 4) 
of 4-dimensional Minkowski space (n = 4) the RLL-relation (8.2) with R-matrix (8.25) and L-operator 
(8.27) can be satisfied for any representation T” of the generators {Mab} so that the condition (8.29) is 
dispensable. Further we are going to prove it. The recurrent relations for odd and even coefficients 
are independent. Let us choose Ro(u) = (u + 4)/8 and Ri(u) = 0. The choice Ri(w) = 0 is reasonable 
since all odd coefficients in are vanished in Weyl projection. Hence due to R-matrix 
takes the form 


R R R 
R(u) = Rolu) -IQI + BY) Tap OT" + Pal) Tai a DD aa et u) “Tar..ag DIS (3.33) 


where 
Rolu) = (u + 4)/8 , Rolu) = —u/8 , Ra(u) = u/8 , Re(u) = —(u + 4)/8 
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and the last term in (3.28) which is responsible for the condition (8.29) reduces to 


2 


A Rew) + Ra(u) {Me M'a} eee Q [dere2cs + [dere2cs Q Weis edd: : (3.34) 


All the other terms vanish because of the special form of coefficients Ry (u) and owing to finiteness of 
the Clifford algebra of gamma-matrices. 

Next we note that owing to Dabecjescs = Q Eabccicaca L7 (2.8) and [7-7 = I the gamma-matrix 
structure in can be transformed as follows 


Tabac ee & peas = T7 & Ty . T abediesea ; pecieees = 120. Ty ® T7 j [ôg Toc = é¢ Tac T l Pel : 


Consequently (8.34) which is proportional to 
{M , Ma} [640 ve — df Tac + 640 an] =2{ MAP, M%} Toe =0 


turns to zero. In the last expression the parentheses (...) denote symmetrization. Therefore RLL- 
equation (3.2) is valid for any representation of generators {M,»} of the algebra so(2, 4). 

Let us rewrite the expression for R-matrix in a more transparent form. All gamma-matrix 
structures in (8.33) have block-diagonal representation that can be seen from (2.9). Therefore it is rea- 
sonable to consider projections of (8.33) on corresponding irreducible subspaces. As before we introduce 
subspaces V} and V_ obtained by Weyl projections: V} = ut ZV and V_ = tty. At first we note 
that 


Rwy ov- = R(w)ly_ ev, =0 
because 
1 


Vi 8V- E 


In order to perform projection on the space V_ ® V_ we take into account that 


1 
fer- $ra 0r| 


1 
6! Pa BT -E Ta oF =0. 


V+8V- 


1 1 1 
rer+ 5 ra. or^] =|} Te or + 5 Ta, oF] =0 
6! Vov- 2! 4! vov 
and i s f 
-> Ta Dr” =- (lm D Æ” +k, 8P +p, 9k“)-d8&d=P---IQI 
8 v.ev. 2 4 


where P is a permutation operator. Consequently we obtain Yang R-matrix 


R(u)ly_ev. = [2 Ro(u) -IQ I+ R2(u) -Tas @T”| =I@I+u-P. (3.35) 


V_@V_ 
The L-operator (3.27) is also reducible since T(Map) consists of two irreducible blocks (2.14). There- 
fore its projection to the subspace V_ 


1 
L(u) =ul@1 + 5 Tı(Ma) 8 Me, (3.36) 


in the case of 4-dimensional Minkowski space (n = 4), fulfils RLL-relation with Yang R-matrix. In full 
analogy we obtain that 
R(u)lv, ov, =I@I+u-P 


and the second projection of the L-operator (3.27) (on the subspace V,) fulfils Yangian relation. 
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At the end of this Section we consider operator L(u) (8.5) for the algebra so(p+1, q+1) for the special 
choice of the representations T = T, (cf. eq. (8.36)) and T’ = p, where T; is the spinor representation 
(2.15) and p is the differential representation (2.32). This operator L(u) is written in the form: 


1 u+:1+S—-p-x, p 
LO (u) = ul + =T,(M®) 8 p(Mab) = o 7 
2 x-S—-S-x-x:-p:x+(A- 2) x, u -1+8+x-p 
(3.37) 
where A A 
Up =ut 3 u-=u- 7> n=p+q, (3.38) 
and we have used the expression (2.40) for the matrix 4Tı(M°%è) ® p(Mab) which was introduced in 


(2.35). The important fact is: 


Proposition 2. The operator is expressed in the following factorized form 
(p)  /10 [u+ 14+S8 Pp \. 1 0 
t m= (5 t ( O u 1+5)/ (=x 1)' ee) 


Proof. One can show that (8.39) is equivalent to (8.37) by direct calculation. ° 


Remark 1. The formula (8.39) for the so(p + 1, q + 1)-type operator L?) (u) can be considered as the 
recurrent formula if we interpret operators (u+ : 1 + S) and (u— - 1 + S) as two smaller so(p, q)-type 
operators L®) (u). 


Remark 2. Consider so(p + 1,q + 1)-type L-operator (8.27) which satisfies RLL-relations (8.2) with 
spinorial R-matrix (3.25), (8.26): 


L(u) =ul — i (Cals — Do Ta) (y0 — y0’), (3.40) 


where for the generators M®? we have used the representation T’ given in (8:30). The L-operator (3.40) 
satisfies crossing symmetry relation 


LT (u) - C- L(u’) = (uw 3T) C, (3.41) 


where u’ = u + Ẹ, n = (p + q), C is the 27+!-dimensional analog of matrix C introduced in (2.27) and 
C2 is the Cazimir operator (2.5). Since the representation (2.12) is reducible (see (2.14)) the operator 
L(u) (8.40) has the block diagonal form 


L(u) = Gs keh) (3.42) 


and in view of relations (2.30) one can rewrite relation (8.41) for blocks L+(u) as following 


1.) (taint) — even => Lif(u)-c-Li(u’) =2z(u)-c 


(3.43) 


2) DOD _ odd > Lo (u)-g-L_(w’) = 2(u)-g. 


where z(u) = (uu! — 4 T'(C2)). It is clear that the irreducible parts Li(u) of the operator (3.40) 
satisfy RLL-relations (3.2): 


RÈ (u — v) Lai (u) Lto(v) = La (v) Laou) RE (u — v) , (3.44) 


2 The factorized form of the so-type L-operator for the scalar representation (S = S = 0) was obtained 
independently by G.Korchemsky and V.Pasquier (private communication). 
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where R® (u) = R(w)|,, əv, and the matrix R(w) is given in (8.25). 
Consider instead of operators Li(u) defined in (3.40), (3.42) more general operators 


Li(u)=1+ ` = Ly (3.45) 
k=1 


Then relations (8.44) will define the infinite-dimensional quadratic algebra generated by the set of 
elements (LP )ap, (LP )as, ...$, (@, 8 = 1,2,...,27). We denote this algebra as Y(spin(n + 2, C)). 
For the generators of Y(spin(n + 2,C)) it is also necessary to add additional constraints (8.43), where 
the function z(u) have to be considered as a central element of Y(spin(n + 2,C)). The results of this 


Subsection show that the algebra Y(spin(n+2, C)) possesses evaluation representations when (LY) a6 > 


0 for k > 1 and (LY) > $T1(Mav)T’(M*"). Here May are generators of spin(n + 2,C) and special 
representations T’ are itemized in - (8.32). For the special case n = 4 the matrix R(u)|y_ey_ is 
the Yang R-matrix (8.35), all 4 x 4 matrices ([“!-“?*)|,, form the basis for s¢(4) and we see that the 
algebra Y(spin(6)) is isomorphic to the Yangian Y(s@(4)). 


4 L-operator for the conformal algebra in four dimensions 


Now we restrict our consideration to the case of 4-dimensional Minkowski space R!3, i.e., p = 1, q = 3 
and n = 4. In this case generators (2.15) are 


1+ 5 
2 ? 


7 
= d=—=5, (4.1) 


i 
Luv = Th Ww] , Pu = Yu ky = Vp 5) , 5) 


4 


where y5 = —7yo7172773 and we choose common representation (2.16) 


0 Ou Ip 0 14+ 45 I, 0 1-5 0 0 
Yu & 0 ) >» Y5 ( 0 a ’ 2 00 , 2 0 I> ’ ( 2) 
constructed by means of 2 x 2-matrices o,, and F, (2.62). Note that in the representation (4.2) we have 
identities 


=m, Y= =—107570 5 (4.3) 


which are analogs of (2.20) and (2.23) and correspond to the case 2.) stated in (2.25) and (2.26) for 
C= and g = Ib. 

It is known that fifteen matrices (41) form the basis in the space Mat(4) of all traceless 4 x 4 
matrices. Then one can check by using (43) that any 4 x 4 matrix (2.41) which belongs to a linear span 
of satisfies equation Al yọ + yo A = 0 which defines Lie algebra su(2,2). This equation means that 
4 x 4 matrices A (2.41) not only represent all elements of the conformal algebra so(2, 4) = spin(2, 4) but 
also generate the Lie algebra su(2,2). In other words we have established the well known isomorphism 
so0(2,4) = su(2,2). For complexifications of these algebras we have so(6,C) = s¢(4,C). Below we use 
this isomorphism to relate operators L(u) (8-14), (8.37) for the special choices of algebras sé(4,C) and 
so(6,C). Then one can investigate the so(6,C)-type L-operator by applying known facts about 
sl-type L-operators. 

To proceed further we present explicitly the L-operator for the conformal algebra so(2,4). This 
L-operator is given by formulas and (for n =p+q=4): 


kL O us-Ig+8 p I, 0 
(p) = 2 , + 2 > = . 2 = 
nee & 2 ( 0, 4s) & 3 a 
= u+-Ig+S—p-x, Po (4.5) 
x- (u+ -l +8) —(u--b+8)-x—-x-p-x, u_-Ip+S+x-p/) ’ i 
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where u+ = u + 454, u_ = u — 4 and 2 x 2 matrices p, x, S, S were defined in (236), (2.63), (2.64). 
We stress that 2 x 2 matrices u+ -I2 +S and u_ -I2 +5 are two L-operators (see — (2.66), (8.23)) 
for the case of sé(2,C) = so(1,3). We note that the basis of the algebra so(2,4) (which is the real form 
of so(6, C)) is the basis of the algebra so(6, C) and therefore the operator (8.37), can be considered 
(after a complexification when all coordinates x, are complex numbers) as the L-operator of the algebra 


so(6, C) as well. 


4.1 L-operators for s¢(4,C) and so(6,C) 


Now using the construction of L-operator for s¢(N,C) (see Section[3) and the isomorphism so(6,C) = 
st(4,C) we investigate relations of L-operator for s¢(4,C) (which satisfies (3.2)) and L-operator 
for the algebra so(2,4). The complexification of the last L-operator is also given by (8.14), but 
with the special choice of the basis {p(Ei;)} > {Luv, Pa, Kv, D} and {eij} > {luv Pu, kv, d} in the 
representations p (2.32) and T, (41). 

Consider L-operator (3.16), for s£(4, C) case, where weights p1,..., p4 are related by condition 
pit+-:::+p4 = 6. The factorized form of this L-operator in the right hand side of (8.16) contains (4 x 4) 
matrices Z and D: 


1 0 00 ur Di2 Diz Dia 
221 1 0 0 0 U2 Do3 Do4 

Z = D= B 
231 232 1 0 , 0 0 uz D34 a e 
Z41 242 243 1 0 0 0 U4 


where elements D;; are differential operators defined in (8.18). Note that we have Dea = —ô4k (k = 
1, 2,3). In view of the isomorphism sé(4,C) = so(6,C) one can expect that factorized form for 
N = 4 is transformed into the factorized form of the L-operator (4.4) for conformal algebra so(2, 4). To 
obtain explicitly this transformation we write 4 x 4 matrices and then in a 2 x 2 block-matrix 


form with blocks 
1 0 1 0 231 ~) 
Z1 = , 25 n AS i 4.7 
! & i) ? (a i) a 242 an) 
ur Dig uz —043 O31 O41 
d = = = — 2 Ft 
: & ae i G ae j tas oe 
Indeed, using these blocks we first deduce factorized expressions for Z and D: 
2 z 0 L 0 L 0 — dı, d- Z2 _ dı, d L 0 
aa a (om) P ar) a (Om) 
and then sl(4,C)-type L-operator is also written, after multiplication of the matrices in the 
middle, in the factorized form 


— . (7-1 _ zı 0 kL 0 dı, d Íz 0 z 0 
Muez Dra K i) F a & Z2- d2- z3" =% lk 0 Ip : Ca 


We note that here matrix zə - dg +z‘ is just the usual L-operator (8.23) for s¢(2,C) case 


= 1 0 U3 —043 1 0 
Z2 d2 Zo = e i k ua — 243 1 ; (4.11) 


and the whole dependence on 243 in L(u) (4.10) is absorbed only in this operator (4.11). 
Multiplication of all matrices in (4.10) gives 


—1 
E a Pa ) , (412) 


he) ete z- d+ (z2: d2 -z3") 
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and comparing of this expression with so(2,4)-type L-operator (4.5) suggests the natural change of 


variables 
X=Z-2Z)", pH=a-d, X,=4, X2 = Z2, (4.13) 


where in view of the explicit form of matrices zı and zə (4.7) we have to fix 


_f10 _f10 = a a, 
Xı = x11 ’ X2 = x2 1 X1 = 221, X2 = 243. 


The inverse transformations with respect to (4.13) are: 


Z=xX'X1; d= x;'-p, Zi =X; 42=Xe2- (4.14) 


Now we fix 
ui =u} — l-l, uz =u} +£, 
(4.15) 


ug =u_-—l-1, uy=u_ +£. 
In terms of new variables x, X1, X2 and p the L-operator (4.10), acquires the form(cf. 
5)): 
u- l +8S® -p-x, p 
MU epig F (- +3) E E E 


where we have introduced two s¢(2,C)-type L-operators 


_ 1 0 ui Di2 1 0 _ 1 0 ui —O0y, 1 0 = (£) 
eee & e a] (1, D) 7 F o) a uz -xi 1 tiede e 


and 


= 1 0 U3 — 043 1 0 _ 1 0 U3 —Oy5 1 0 = (é) 
ae & 1y \ 0 u —za3 1)  \x21/ (0 u -x 1) 7" RAE dene) 


Here we have used notations 8S“ and S(® for the matrices of s£(2, C) generators and 
interpret S(® and S(® as matrices S and 5 of spin operators S,,, (see (2.36)) appeared in the differential 
representation of conformal algebra so(2,4). The generators of two s¢(2,C) algebras which were 
packed into the matrices and are differential operators over variables xı and x2 and act in 
spaces of functions of xı and y2. It is natural to call xı and y2 as harmonic variables. 

Let us summarize connection between variables in the first and second approaches. From and 


(£13) we have: 


X1 = 221, 
(x)11 = —2(xo + £3) = 231 — 232221 , (x)12 = —i(x1 — i£2) = 232 
(x)a1 = —i(xı + ix2) = 241 — £42221 ; (x)22 = —i(xo = x3) = 242; X2 = 243 


In the next Subsection we also use light-cone coordinates 


z+ = —i(ap + z3) , £ = —i(xı — ixz2) , T = —iļ(zı + ize) , (4.19) 
so that 2 x 2 blocks (4.13) inside L-operator (4.4) have the form 
_ {ty 2 | =Om. -oz z 
s z) peT E)r (4.20) 


A solution of equations (8.38), (for n = 4) and gives the connection between parameters 
pk and A, 0,0 
EE ae a ee ne ua (4.21) 
2 2 2 2 
Thus, we have the bridge between two formulations of L-operator in sé(4,C) and so(6,C) (or su(2, 2) 
and so(2,4)) cases. In the next Subsection we shall reproduce all constructions [19] of intertwining 
operators for the s¢(4,C) case and apply them for so(6,C) case. 
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4.2 Intertwining operators and star-triangle relation. The so(6,C) = s¢(4,C) 
case 


In Section B.1]we have introduced operators 7; which intertwine two s¢(N, C)-type L-operators 
and permute their spectral parameters as it is shown in (8.19). In this Subsection we consider inter- 
twining operators for a product of two sé(4,C)-type L-operators (8.16): 


Lj (u1, Ua, U3, U4) Lo(v1, v2, U3, U4) E€ End(CÎ ® Vi iy & VAa ta ġa) : (4.22) 


Here operators Lı and Lə act in different quantum spaces VA, », », and VA, », iz (the spaces of the 
differential representations p) and indices 1 and 2 indicate these spaces, respectively. Recall the definition 
of the spectral parameters in operators Lı and Le (see (4.21)): 


A A A . A . 
(u1, U2, U3, U4) = ($-a -sutita 2,U = Ly lu } is) 5 
i n k a a (4.23) 
(U1, V2, U3, V4) = vt- lg — 3,v 4 a t+ l2 —2,v 5 lg —l,v a th ; 


where Aj , Ag are the scaling dimensions and (41, £1), (£2, 42) are the spin values. For the general case 
of s€(.N, C)-type L-operators the intertwiners S such that 


S- Li (u1, ... uN) Lo(v,...,un) = Lilui,- uy) La(v},...,un) S, 


(vis, UN, Uh- UN) = S01,- , UN, U1,- --, UN), (4.24) 


were constructed in [19]. In equation (4.24) we denote by s any permutation of 2N spectral parameters 


(U1,.-.,UN,U1,--.,Un). In this Subsection we briefly discuss the intertwining operators S for the prod- 
uct Li(wi,--- , us) Le(w1,--- , va) of two sé(4, C)-type L-operators which permute parameters inside the 
set u = (v1,-+* ,U4,U1,°": , Ua). First, we choose the following variables for the operator Lı: light-cone 


coordinates 7, = (y+, Y—, Y, Y) for space-time vector (see (4.19)) and xı and x2 for harmonic variables. 
For the operator Lg we choose #2 = (z+, 2_,2,2Z) for space-time vector and m and n2 for harmonic 
variables. In terms of these variables the differential operators Dk ,k+1ı (8.18) for Lı and Lz have the 
following representations 
Lı: Di2 > Ov, ,» D23 > Dy = Oy + X20y_ = X1 Oy, = X1X207 , D34 > Oya ‘ a 25) 
L2: Di2 >m, D23 > D; = ô; + M02 — mz, — 202, D34 > Op - 


Then, according to the results of [I9] (see also Section [3.1}, the intertwining operators J; (8-19), (8.20) 


which separately permute the spectral parameters (v1,--- , va) in Lg and (u1,--- ,u4) in Ly are 
Ig: Ti(u) = 8p" T3(u) = D2 Bw) =o, (4.26) 
Li: 75(u) = 0" Telu) = Dye"? Thu) = ayes . (4.27) 


The middle intertwining operator which correspond to the permutation u; © v4 in the product of two 
L-operators (4.22) is [19] 
Ta(u) = S(@1 — 2)", 


where 


S(@1 — z2) = (9 — Z) + X1 (y- — 2) + n2(2+ — y+) + ximelz — y) . (4.28) 
Next we construct the composite intertwining operators Sı and Sə. The first operator Sı inter- 
changes pairs (v1, v2) and (v3, v4): (v1, V2, 03,04) — (v3, v4, V1,V2). In terms of physical parameters 


this permutation is written as (A, l2, £2) > (4- A, é2, €2). We explain the choice of this intertwining 
operator at the end of this Subsection (see Remark 2). According to (4.26) the explicit form of S is 


Sı = Ta(s1s382U) Ti (s3s2U) Ta(s2u) nhu) = D74 a One M2 us Us Des io (4.29) 


nı 
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We stress that in (4.29) for each Tp the previous permutations sm (8.21) of the spectral parameters 
should be taken into account. 


The second intertwining operator S2 interchanges pairs (v3, v4) and (u1, u2): 


(v1, V2, U3, V4, U1, U2, UZ, U4) = (v1, V2, U1, U2, V3, V4, U1, U2) , 


and explicit form of Sə is 
S2 = Ta(s55384U) T5 (83840) Ta (s4u) Ta (U) = S(Z1 — Z2)"27”3 0271 017" S(Z1 — Z2)" 74. (4.30) 
The remarkable fact is that the operators Sı and Se satisfy the braid relation 
Sı S2 S1 = S2 S1 S2 . (4.31) 


In next Section [5] we interpret the identity (4.31) as the star-triangle relation for propagators of spin 
particles in certain conformal field theory. 


Remark 1. One can try to write operators D}, D, in (4.25) and S(Z, — Z2) in (428) in covariant 
form (under the transformations of the subgroup SO(4,C) C SO(6,C) with generators p(L,.) (2.32)) 
by means of introducing new homogeneous variables Aq, Aĉ, Ha, R2 (see Subsection [2.2): 


A2 3 2 ji? 
a 7 X2 =? P = 
Onc =MOGs Obey On = Oe. 
In terms of these new variables we have 
Dy ==>" (Py)aa®, De = a (Pe)aall® (4.32) 
(A1A") (mÑ) 
S(Z — z2) = iN — 2)*" da, 
(A1z*) 


where \* = Age, i= uge®, fig = pee Sa (c8% and E34 — antisymmetric tensors) and Py, Pz, Y, Z 
were defined in (4.20). Then the operators (4.29), (4.30) is represented in the form 


~\U4—U 1 ae 1 ae ~\U3—vU 
Si = (p pz ft)" (=o) (<7) (u pz A)T , (4.33) 
: ae 1 U2—VA4 1 U1 — V3 7 or 
S2 = (ly — 2) A)" "> | Oa, z On (Aly = z) A). (4.34) 
l 1 


The covariance of the operators Sı (4.33) and S2 (4.34) under SO(4, C) transformations (or the Lorentz 
covariance for real forms of Sı and S2) is broken in view of the presence of noncovariant operators a One 
at On, etc. in (433) and (434). In next Section [5] using slightly different approach, we derive another 
operators S1, S2 and S3 which are represented in the Lorentz covariant form and therefore their physical 
interpretation as propagators of spining particles will be clarified. 


Remark 2. The irreducible representations of the algebra so(6,C) (complexification of the confor- 
mal algebra so(2,4)) in the differential realization is characterized by the conformal dimension 
A and spin parameters (£, Ż) which are labels of the representations of the subalgebra so(4,C) = 
st(2,C) + sé(Q, cE. If all Casimir operators for two such representations of so(6, C) coincide then these 


3There is also parameter which is eigenvalue of the operator Ep bey (see (2.34)) but this additional parameter is not 
important for our consideration. 
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representations are equivalent (or partially Cat and the intertwining operator between these rep- 
resentations should exist. For the algebra so(6,C) (2.32) there are three Casimir operators: the first 
one is p(C2) (2.34) and two others are 


p(C3) = 1f 6(Mas Mea Mef), (Ca) = p(Mav M Mea M%) . 


In view of the isomorphism so(6, C) = s¢(4, C), the eigenvalues of these Casimir operators are elementary 
symmetric polynomials in four variables (p1, p2, p3, p4) (4.21) and therefore any permutations of these 
variables lead to the equivalent representations. Consider the spectral parameters (4.15), (4.23): 


(u1, U2, U3, U4) = (u P1, U— p2, U — p3, U pa) = (u £ 1, u+ 4 £, U— é l, u_ 4 i) , 


instead of parameters (4.21). Note that the permutation u1 + uz is equivalent to the transformation 
£L — —1-—£ while permutation u3 © u4 is equivalent to f — —1—Ż. Both permutation are not ee 
for us since we would like to work with the finite dimensional representations of spin algebras (2.65) an 
(2.66) when parameters 2@ and 20 are nonnegative integers. The other permutations of (ur, u2, U3, ) 
include the interchanging u} + u_. In this case we have two possibilities 2 > —1 — Å or £ > £. 
Again the first possibility is not appropriate for us since it is not compatible with the finite dimensional 
representations of spin algebras. As the final result we have only one variant of intertwining operator 
which permutes u+ © u_, £ —> é and therefore corresponds to the permutation of pairs of the spectral 
parameters (u1, u2) and (u3, u4). Precisely this intertwining operator was constructed in and will 
be investigated in the next Section. 


Remark 3. In the paper Ha) 19] the complex group SL(N, C) were considered and there we have NW) 


complex variables Zik and & =U) complex conjugate variables Z;,. In the case of SL(4,C) we an 6 
complex variables and 6 E conjugate variables. In Subsection [4.1] all operators are well defined 
because we work with the differential operators and one can restrict everything to complex variables 
and forget about complex conjugated variables — the holomorphic and antiholomorphic sectors can be 
separated. In this o the situation is different because operators like 0% (i.e., the operators 
DY ~ (upzf)* in ), (433)) for noninteger a needs antiholomorphic part 0% so that only the 
product 0% - 0% can = Mae as usual integral operator acting on the functions f(z, Z) defined on 
R?. We omit the antiholomorphic part everywhere in this Subsection so that intertwining operators are 
not properly defined and can be treated only as formal operators. This is another reason why in next 
Section we develop slightly different approach. 


5 General R-operator 
In this Section we are going to construct R-operator as solution of the defining RLL-equation [5]E8] 
Rig (u = v) Lı (u) Lo (v) = Lı (v) Lo(u) Rig (u = v) 


with conformal L-operator (8.39). Here indices 1,2 correspond to two infinite-dimensional spaces of 
differential representation p of the conformal algebra conf(R”) (2.32) and we consider two cases: 


e Dimension n of the Euclidean space R” is arbitrary and representations of the conformal algebra 
are restricted to the case of scalars: S = 0 and S = 0. 


e Dimension n of the space R” is fixed by n = 4 and representations of the conformal algebra are 
generic: S Æ 0 and S £0. 


24 


5.1 n-dimensional scalar case 


In this case the defining RLL-equation has the form 


Ryo(u — v) Ly (u4, u_) Le(v4, v_) = Li (v4, v_) Lolu, u_) Rie(u — v), (5.1) 


o [1 0\ [ul p 1 0 
Lilet) = (0 `) ( 0 oY ee Ar 

o [1 0\ [v1 pa 1 0 
Leno) = (y, i ( 0 oa ee i ' 


and u4 = u + 44 u =u , v4 = v + A pU =v- (8.38). 

The R-operator in (5.1) interchanges a pair of parameters (u},u—) in the first L-operator with a 
pair (v;,v_) from the second L-operator. It seems to be reasonable to consider also operators which 
perform the other interchanges of four parameters. In order to carry out it systematically we joint them 
in the set u = (vi, v_,u;,u_). Then R-operator represents the permutation s such that 


where 


sty R(u— v) ; su = (u4, u—, v4, v). (5.2) 
An arbitrary permutation can be builded from elementary transpositions s1, S2 and s3 


s1ıu = (v-, v+, u4, u) ; S2U = (vp, u4, v-,u-) > S53U = (Ota, u+). 


In particular: s = s2815382. Thus we reduce the problem to construction of operators S;(u) (i = 1, 2,3) 
which represent elementary transpositions 


(v4 , v—,u4,u—) : Sı(u) Le(v4,v_) = Le(v_, v+) Sı (u) (5.3) 
(v4, v- , u4,u—) : S2(u) Li (u4, u—)La(v4, v) = Li(v_, u_) Lo(v+, u+) S2(u) (5.4) 
(v4, v—,u4 , u—) : Sg(u) Lı (u+, u_) = Li(u_,u+) S3(u) (5.5) 


We have the correspondence 
Si œ> S; (u) ` o SiSj => S; (sju) S;(u) > SiSjSk => S;(sjsku) Sj (sku) S (u) i ee (5.6) 


and for the proof that it is indeed the representation of the permutation group of four parameters we 
have to check the corresponding defining (Coxeter) relations 


SiSi = 1— Si(s;u) S;(u) =1 ; $153 = $351 — S1(s3u) S3(u) = S3(s1u) Si(u) (5.7) 
815251 = S281852 — S1(sgs1u) S2(s1u) Sı (u) = S2(s1s2U) Sı (s2u) S2(u) (5.8) 
828382 = 838283 — Se(s3s2u) S3(s2u) S2(u) = S3(sas3u) S2(s3u) S3(u) (5.9) 


Then R-operator can be constructed form these building blocks: 
R(u) = S2(s15382u) Sı (s3s2U) $3(seu) Se(u) (5.10) 
We will see that operators S; depend on their parameters in a special way 
Si(u) = Si(v_ — v+) ; S2(u) = S2(u+ — v_) ; S3(u) = S3(u_ — u+), (5.11) 
so that the operator R(u) depends on the difference of spectral parameters u — v as it should 


R(u) = Se(u— — v+) Sı (u+ — v+) S3(u_ — v_) S2(u+ — v_). (5.12) 
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The Yang-Baxter relation for this R-operator is the MA a of the Coxeter relations for the 
building blocks S;(u). In explicit notations relations and (5.9) have the form 


Sı (u4 — v_)So(uzy — v4) Sı (v- — v+) = So(v_ — v+) Sı (u4 — v+) S2(u4 —v_), 


Se(u_ — u+)S3(u_ — v_)S2(u4 — v_) = S3(uy — v_) Se(u_ — v_)S3(u_ — u+), 


and are particular examples of the general relations 


Sı (a) S2 (a + b) Sı (b) = S2 (b) Sı (a + b) S2(a) ; S2 (a) Sz (a + b) S2 (b) = S3 (b) So(a + b) S3(a) . (5.13) 


We are going to construct operators S;(u) and at the first stage we consider operators Sı and Ss 
which are examples of the operator S being defined by the equation 


S-L(usi,u_) = L(u_,u4)-8 (5.14) 


As soon as here we deal with a scalar case differential representation of the conformal algebra is pa- 
rameterized by one parameter — conformal dimension A. We denote it by pô. Taking in mind the 
definition of the parameters u} and u_ we see that their transposition corresponds to A > n — A. 
Since L-operator is linear on spectral parameter and in view of equation (5.14) we conclude that S 
intertwines two representations of the conformal algebra: p^ and p”7^. Note that such a change of 
conformal dimension do preserve the Casimir operator (2.34). 

Let us represent the intertwining operator as an integral operator acting on fields (x) where x € R?4 


x) = f yS (ey) (y), 


then defining equation for S (5.14) is equivalent to the set of equations 


J EuS ow) = faryer4 s(e.y) 6), 
which can be rewritten as the set of differential equations for the kernel S (x, y) 
T ae 
(Gh) Sen =GE4SG,y) . (5.15) 


Here GÊ denotes generators of conformal group in scalar (Suy = 0) differential representation (2:32) 
and T stands for transposition arising after integration by parts 


J tusener ew) Ja [G7 S S(x, y)] (y). 


We obtain the following equations: 


e translation 


o 0 
e Lorentz rotation 
o 0 o o 
(u E nz) S(x,y) = (age = ua) S(z,y), (5.17) 
e dilatation 
me ay, See AS tea) (5.18) 
Ər, My, Y= »Y), s 


26 


e conformal boost 


ð ð ð ð 
2 Og ty, —— + y?— — a =2(n—A + : .1 
(e Ox, Lye Ax, y Op Yuy 2) S(x, y) (n ) (ty Yu) S(x,y) (5 9) 


Note that in the scalar case S,,, = 0 the conformal boost equation is dispensable since it can be 


derived from — (6.18). 


The set of equations for the kernel of S coincides with the set of equations for the Green function of 
the two scalar fields with equal scaling dimensions in conformal field theory [37]. The solution is well 
known 


Cc 
S(x, y) = (x = y)2(n—A) ’ 


and is fixed up to an arbitrary multiplicative constant. The action of the integral operator with the 
kernel S(x,y) on the function (x) can be represented in different forms 


a B d?y 7 d"y B d?y ety ô 
where p, = —i0,v. There exists useful expression for this operator 
S(u_ — uy) = p2e--4+) = p2(8-A) | (5.21) 


Indeed, using the well-known formula for the Fourier transformation 


fey ae ae ; ala) = 1? 4% 
y2(#-2) re 


it is possible to present the integral operator of considered type as 
d”y be 
| 8 = ala) p Bla). 
(x — 


In our case a = A — 4, so that it remains to choose the normalization constant c in (5.20) in a special 
way 


a (A-5) T(A— 8)’ 


2 


3 
to fix operator Ŝ in the form (5.21). Thus we have constructed operators Sı and $3 using solely their 
representation theory meaning. Explicit expressions are the following 
a2(u_— salu = 
Su- y) =T ; Salu- u) =p M, 


Remark. Solution (5.21) can be obtained directly if write equations (5.16) — (6.19) in the operator 
form (cf. (.14)): 


e translation : (pu, S] =0, (5.22) 

e Lorentz rotation: [zy Pa — £u pv, $8] =0, (5.23) 

e dilatation: (xp, —i(n—A)) S=S (xp, — iA), (5.24) 

e conformal boost: (x (%” p, — 2i(n — A)) — x° fp) -= (z (£ p, — 2iA) — °p) (5.25) 


Then equation (5.22) gives that depends only on fp, from (5.23) we obtain that S depends on the 
Lorentz invariant combination p? and (5.24) leads to the solution (6.21) up to a normalization constant. 
Equation (5.25) is optional since operator (5.21) satisfies (5.25) automatically. 
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It remains to construct the last building block for R-operator — operator S2. It happens that it can 
be produced directly from the operator S obtained above using some kind of duality transformation 


p> £2 — Lı Z T21 |} Up `È V- | U- > U+, 
so that Sə is the operator of multiplication by the function 
2(u4—v_) 


S2(u+ — v_) = 245 


To explain the origin of these duality we start from the defining equation (5.14) for S 


(2) (LDC OS (298. ea 


and show that the defining equation for Sz can be obtained from considered ones by the duality trans- 
formation. For this purpose we rewrite the defining equation (5.4) for the operator Sz in an explicit 
form using factorization of the L-operator (x21 = x2 — x1) 


(5) (aa) (Yo™®) (8) (5) Cots) (2.8)- 
= (2.8) (u2) (7%) a (2.5) 


By the condition [S2, x1] = [S2, x2] = 0 it is possible to cancel the underlined factors so that equation 
is transformed to the much more simple form 


R 1 pı u4+:l 0 1p\_ /1p v_-1 0 1 p2 R 
°? o1 x. v--1/\01/) \01 Xo uy-1/\01/)~? 
One more requirement we impose is the translation invariance: [S2,pi + p2] = 0, so that we obtain 
1 pi uU: 1 (0) 1 — pı 1 pi v_-1 (0) 1 —p1 
S = ; 2 
(o eles v--1)\0 1 01 ta walo 1.) ca 
ke ort Bs : ; : . (Ol 
Next we perform similarity transformation of the previous equation by means of the matrix 10): 


10 v_-1l xo 1 0 _ 10 up-1 xa 1 0 
e 0 herd eect ares | 0 ee (5.28) 


It remains to compare this equation with the defining equation (5.26) for the intertwining operator S 
which suggests that the change 


X > P1 į; P X21 ; U4 > v- ; U- > u4 
transforms (5.26) into (5.28). Thus we have that S2 is the operator of multiplication by the function 


S2(u4 — v-) = alia : 


Coxeter relations (5.7) are evident and Coxeter relations (5.13) have the following explicit forms 


~2a 2(at+b) 42b _ „2b ~2(atb) 2b . 2a „2(a+b) ~2b _ 2b »~2atb) „2a 
P2 Tiz P2 = T12 P2 v2 ; Py Ti2 Pi = t12 Py T12, (5.29) 


and are both equivalent to the operator identity [9][50]: 


B20 g2(atb) G26 — g 5 2(a+b) 72a (5.30) 
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which can be rewritten in the standard integral form 


ny | vae fe ae ee 
J Pecca a o ee a A a ea a a N 
where 
ECO E y_ 
Mee" T | © aA aT 


and parameters respect the uniqueness condition 
a+P+y=n. 


This integral identity is a well-known star-triangle relation [38}40]. It is useful to represent the identity 
in the picture where marked vertex represents the integration over the variable w. 


x x 


i x -2% 
= V(a,p,x) ¥ X-——+y = (xy)? 
B x 
y z y ; z 
x 
Finally we find explicit expression for R-operator using (5.10) 
Raz(u = v) = afte plore) gato) gee) (5.32) 


This operator can be rewritten as an integral one 


d”yıd” yo (yr, 
[Rio(u = v) ](z1, T2) Sg / 2(v4—u_) 2( a = 2 n- —v_ +2), 2(v-—u+) 
T12 (mg — ya) 2) (x1 yn -+ 2) yia 
where a n 
c= que tun ov gn DU TU F 3) Pu uit a) 


T(v+ — u+) TP(v_ — u_) 
We depict its kernel (up to a constant function of spectral parameters) as follows using the graphical 
rules outlined above 


~ /2 
3 7 x, u-v +n; y, 
R(u-v) = C- vu v.-u, 
2 2 X2 u,-v,+n/2 Ye 


Coxeter relations (5.29) are basic relations which enable to establish Yang-Baxter equation for R- 
operator (6.32). Corresponding prove is rather straightforward and in our notations it repeats literally 
the one presented in for the case of SL(2, C). Here we illustrate the prove 
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The sequence of transformations in the picture is performed by means of the star-triangle relation. 
Using R-matrix which satisfies the Yang-Baxter equation one can construct, by using the 
standard method, the set of commuting operators (Hamiltonians) and formulate the corresponding 
quantum integrable system on the chain. Here we obtain one of these Hamiltonians and describe the 
integrable chain model. Consider the chain model with N sites. The states of this chain are the vectors 
in the space Va, ®--- ® VAn, where each Va, is the vector space of the differential representation p of 
the conformal algebra conf(R”) (2.32). For A, = A (Va) the R-matrix is written in the form 


Rasla; £) = z208) pee pee arto) =j aha b(Ê) +a... 


a -P a (5.33) 
a, = ? ‘ Sea | 7 
where € = 5 — A, parameter a = u — v is taken as a small one and operators 
habl) =2Ina2, + 25 (Pe 627) 25° = 
(5.34) 


= Ba mha) Bas + By Iman) By +e Pe) > 
are interpreted for b = a+ 1 as local Hamiltonian densities. The second expression for ha (£) in (6.34) 
is deduced from the R-matrix (5.33) which is written by means of (5.29) in another form 
Rea(oss)= 0,“ wae a a ost BS 


Then the whole Hamiltonian for the integrable chain model is given by the operator 


N-1 
H(£) = 5 ha,a+1(Ẹ) , 


where N is the length of the chain. This operator is the high-dimensional analog of the Hamiltonian for 
the integrable model which was considered in [32]. For n = 1 and special choice of € = 1/2 this operator 
formally reproduces (up to an additional constant) the holomorphic part of the Hamiltonian [32]. The 
whole Hamiltonian [32] is the sum of holomorphic and anti-holomorphic parts and is obtained from 
for n = 2 and £ = 1. The more general two-dimensional model was considered in [47]. 

Another example of the integrable lattice model based on the particular star-triangle relation 
was formulated in [34]. 


5.2 General R-operator in the case so(5, 1) 


In the previous Section we have described the general strategy for the simplest nontrivial example. Now 
we repeat everything step by step in more complicated situation explaining the needed modifications at 
each stage. 
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All modifications are due to the use of the more complicated representations of conformal group. 
The scalar representation is characterized by one parameter — scaling dimension A so that operator L(u) 


contains two parameters u and A, which are combined in a natural linear combinations u} = u + at 
and u- = u— S, 


The tensor representation is characterized by three parameters — scaling dimension A and two spins 
£, l and now the operator L(u) contains four parameters u and A, Z, £. These parameters are combined 
in a pairs u and u- which are analogs of u+} and u— 


u = (u, = (+2 0) ; u= (u, = -5 


We have the following expression for the operator L(u) 


‘ o fao) f(u:1+8° Po 1 0 
(u+, u-) = x 1 ` 0 cis” i —x 1 , 


and the defining RLL-relation has the form 


Rı2(u — v) Lı (u4, u_) Lo(v4, v_) = Lı (v+, v )Lə(u4, u ) Rı2(u — v) (5.35) 


uapu p- ec m 1 0 
eam s © a 0 u -1+5 -xı 1)" 


L2( = oan vy 14+ 8h?) P2 1 0 
2(U4,U0-) = x) 1 0 ies” -x 1 


To avoid misunderstanding we collect all parameters 


A-n Ay Ao —n Ao 
U4 = u+ eS ee a 


where (8.39) 


uy = (u4, 4), u- =(u_,4),v,= (vz, L2), v- = (v, b). 
We construct R-operator from basic building blocks S; (u), Sə(u) and S3(u) which satisfy more simple 
relations like (5.3), (6.4), (5.5) with substitution (v4,v_,u4,u_) —> (v+,v-,u+,u—) and represent 
elementary transpositions in the set of four pairs of parameters u = (v4, v—, u4, U_). 
Let us start with operators Sı and S3 which are two copies of the operator S defined by the equation 


SL(u,,u_) = L(u_,u,z)S$ (5.36) 


The exchange u, + u_ is equivalent to u+ 4 u_ and £4, i.e. AG 4—A and £ & Ê. Differential 
representation of the conformal algebra conf(R*) is parameterized by three numbers A, £, Ê and we 
denote it by pre . Thus operator S intertwines two representationd4 pre ~ pi Abe . As in the 
previous Section operator S has transparent representation theory meaning. __ 

We consider representation of the conformal algebra on tensor fields %42 (x) of the type (£, È 
where dotted and undotted indexes are symmetric separately and where x € R4. In this situation it is 
convenient to work with the generating functions 


B(x, A, A) = PENUS (q) AM «NO! NG, À 


og ? 
where À and À are auxiliary spinors. Let us introduce the convolution 


F(A, À) * G(A, A) = F(ô\, 03) G(A, À) 


A=0,\=0 


4Tt is easy to see that values of the Casimir operator coincides for these two representations. 
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and use it to represent the intertwining operator as an integral operator acting on generating functions 


[SO] (X = fatys( (X,Y) * (Y) 
where we combine space-time coordinates and two spinors in one compact notation X = (a, A, A) ; 
Y = (y,,7) and denote generating function by ®(X). 
The defining equation for S is equivalent to the set of differential equations for its kernel S (X,Y) 


Coi S(X,Y) = GAS (X,Y). (5.37) 


A-A be TALE 
bt GÊ 


4—A,b,e i , ; 
Here Gy °° denotes generators of conformal group in representation p — generators in 


representation ptt. The generators S,,, are taken in the form (2.61) 
Suv = AO pw Oy + ae Ox : 
T stands for transposition 
[atysix.y) +e Gitta y)= [ay (a? Geet J sær] « 607). 
arising after integration by parts and using some evident properties of convolution like 
F(A) * 0,G(A) = A F(A) * G(A) 
F(A) * AG(A) = aF (A) * G(A) 
After substitution of explicit expression for generators one obtains the following set of equations 


o o 
(sa + ge) SKY) =0 


e Translation 


e Lorentz rotations 


. o o 
i (w — ager) + neh + Oh ay S(X,Y) = 


: o ð 
— i (eu ng) + AG On + AF uv OF | S(X, Y) 


e Dilatation 
— + eee, X. VY)=-2(4—A X.Y 
(ox 5 Yu 5 ) S ( , ) ( ) 5 ( ; ) 


e Conformal boosts 
ð ð , 
—iy?=— + 2iyyyv 5 — + 2y” (MOF On + HF, 37) + 2i(4 — A) yy ) S(X, Y) = 
Yy Oy j 
> O o . 
= (ix oa Ai y hy + 22" (A oy, Ox + NG vp Ox) — 2i(4 — A) a, } S(X,Y) 
m 


This set of equations for the kernel of S coincides with the set of equations for a Green function for two 
fields of the types (£, £) and (£, £) in conformal field theory and the solution is well known [37] 


a a BE a-n 
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In this Section for simplicity we shall use compact notation 
x 


where a is the unit vector in the direction z”. Formula for the kernel S(X,Y ) leads to the following 
explicit expression for the action of operator S on the generating function (shadow transformation [11]) 


sao- [UE \(x—y), A(x-y)) 


Carus 
which can be represented in more transparent form (remember that u- — u+ = 2 — A) 


dty x dty ety? x 
[S(u_ — u+) ®](X) = peau Ty) Peen  O(#, AY, Ay) (5.39) 


where p = iy. These formulae clearly show the analogy and difference in comparison to the considered 
scalar case. The last formula with operator p is very similar to (5.20) but there exists additional action 
of operator S on the spinor variables A and À. These spinors are transformed by the matrices y and y 
and after transformations are interchanged : À > ry; >À y. 

The operators Sı and $3 act on the function ®(X,; X2) in a similar manner 


d4y eivba ` 
[Sı (v- — v+) 8] (X1; X2) = Povey ®(X1;22, A2Y, Ary) 


dty ety - 
[Ss(u_ — u+) ®](X1; X2) = | poe FY (21, AY, Ary; X2) (5.40) 


In order to construct operator Sz we take into account the same observation as in a scalar case: it can 
be produced directly from the operator S using duality transformation 


Y >P; p> T2 — T1 Z T21 |; U4 > V- ; U- > U+, 


The change us —> v_ ; u_ — u, implies the corresponding change of spinors so that the expression 
for the action of operator S2 on the generating function ®(X,; X2) is 


dtp etp £21 bos 
2 + Fe 1; 2) “plai an Lo 1, “A2 E] 1; 42, A2, Al . . 
[So(u4 — v-) 8] (X1 ; X2) TOES (x1, A2P, 1; £2, A2, ` p) (5.41) 


In the case of scalars there is no dependence on 1, Az and on de so that integral over p can be calculated 
explicitly and operator S2 reduces to the operator of the multiplication to the function zj5_“*. 

The proof of the duality rules is almost the same as in a scalar case. We rewrite the defining equation 
for operator S in the factorized form 


1 0\ fu4-1+8% p (2 °) 
S i = 5.42 
€ ot o «u 450} \-x 1 ey) 


- 1 u_-14+8 p (2 { 
= z8 5. 
x1 ü u4-145 -x 1 


Using the same argumentation as in the previous Section one can easily see that the defining equation 
for operator S2 
S2 Lı (u+, u_) L2(v+, v-) = Li(v_, u_) L2(v+, u+) S2 
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can be transformed to the form 


i (i2) 
s- ( i 2 IAA on ( : | E (5.43) 
pı 1 0 u,-14+8; -pı 1 
-(; J uy 1489 xa ( 1 °)s 
pi 1 0 v_-14+8) -p 1j“? 
if we require that 
[S2, x1] = [S2, x2] = [S2, u_] = [S2, v+] = 0. 


Comparing equations (5.42) and (5.43) we conclude that the change 
X > Pi į P> xe; U4 > V- ; U > u} (5.44) 


transforms (5.42) into (5.43). Using the formula (5.39) with momentum p and duality rules (5.44) we 
obtain the expression (5.41) for the action of operator S2(u) on the generating function (xX 1; Xə). 
Thereby we have constructed operator representation of elementary transpositions s1, S2, S3 : 


s1 u = (v— V4; u+, u) ; S2U = (v+,u4,Vv_,u_) ; S3U= (v_,v_,u_, uy) 


following the line of the previous Section. The corresponding Coxeter relations have the more compli- 
cated form in comparison to the scalar case. The first triple relation 


Si(a) Se (a + b) Sı (b) = S2(b) Sı (a + b) S2(a) 
in explicit form looks as follows 


f d*zd*kdty et Z P2 et k 21 ety 2 


iar Marty sora — | P(t» Aak, ài; £2, A KY, A2Zy) = 


° O(a, ’ A2 yk, Ài > T2, Ài qy, gk), (5.45) 


d*q dty d+k et 1221 et Y P2 etk war 
= I - q2 } 2)y2(a +b+2) k2(a+2) 
and the second triple relation 
S3 (a) Sa(a + b) S3 (b) = S2(b) S3(a + b) S2 (a) 
is equivalent to the similar integral relation 


dźz dîk dty et? Pi et k 221 ety Pı = Se ~ 
| eame — 801 uzy, MEy; sa, do, Ñ Zk) = 
d4qdty d+k et41721 et Y Pi eth x21 -7 z 

= | apee — 2 Mak, Tyi ee, M, Ayk). e 


These relations are equivalent to the following generalization of the scalar star-triangle relation (5.30) 


pi ia - plim Ani sabes Ajimvm p” Ex pm 7 gl... gtm Ay TR Alinin gyi... gm (5 47) 
prlarm) g2(atb+m) prlb+m) 7 gy 2(b+m) p2latb+m) gy 2(atm) j 
where m = 0,1, 2,--- and the matrix A respects properties Ay A", =0; Ay, Ay” = 0. The equivalence 


of relations (5.45), (5.46) and (5.47) and the validity of relation (5.47) are proven in Appendix A. 
Coxeter relations (5.45) and (6.46) are basic relations which enable to prove Yang-Baxter equation 
for R-operator constructed from the basic building blocks 
d4qdtk dtydtz et (qtk) £21 ek (y-z) 
[Riz ®)(X1; X2) =l 2(u_—v Ss 2(u = +2) )2(u_—v_ +2) f-2(u4—v_ +2) 
go Se re ene abe eke Bera enn ea (5.48) 


(x1 —y, Azk, NY; z2 — z, à qZ, Ayk). 


34 


To conclude this Subsection we would like to stress that in the case of r ao ae so(5, 1) 
of 4-dimensional Euclidean space we proved the new star-triangle relations and (5.46) for generic 
representations of the type pp ei included spin degrees of freedom, i.e. we eee an scalar star- 
triangle relation to the star-triangle relation for the propagators of particles with any spin Ë|. It seems 
that the integrable models of the type [82], [47] or [34] related to the spinorial R-matrix (6.48) a 
spinorial star-triangle relations (5.45) and (5.46) are not known. 
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Appendices 


A Appendix: Direct proof of the star-triangle relation 


In this Appendix we prove identities (5.45) and (5.46) which are the corner stone of our construction. 
The first relation (5.45) can be rewritten as an operator identity 


dtzdtkdty (Ag aK m)? (Ar k¥ n)? (Ao ZY ñ)? ied iken vba 
z2(a+2) £2(a+b+2) y2(b+2) © g c = 


d4q dtyd*k (A2 y k m)?“ (Ai qF m)?! (Ao Gk fo) 2” cid a1 piv P2 eik £21 (A.1) 
q 2(b+2) y2(atb+2) £2(a+2) ` 


and the second one (5.46) as 


p Arzym)?” (Aky h) Aki) izp ikea ivp — 


Z2(a¥2) ka +b+2) 202) E TE € 
dég dêy dtk rakm) 2 Gy ME Ayki)? igon typ iken (A.2) 
2G 2) y2(atb+2) f2(a42) Á Ceo’ 


where we use compact notations = Ina era case £; = bł = 6; = $ = 0 (i.e. scalar one) 
spinor variables disappear from and and corresponding integrals can be easily evaluated. 
Therefore these identities reduce to o 

Both previous relations are equivalent to the following generating integral identity 


(x — z)24 k (y — z)2e 


1 faran (p Ak)™ e (P[eta B(e—w)]) o= [u+ Cw] 
(a — y)? ka p? 


5Other generalizations of the scalar star-triangle relation and special star-triangle identities which include y-matrices 
and propagators of spin particles were also considered in [38], (see eqs.(27)) and [51]. 


(A.3) 
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provided that parameters respect uniqueness condition 
atce—b=2+4+m, m=0,1,2,--: (A.4) 
Here a, 8 are numerical parameters, matrices A, B, C fulfil the following properties 
Ay A"» = Arp Aa” =0; By BY, = By, Bat =0; CuO", = Crp = 0; 
Aw + Avu =2 gw tt A; Buw + Bop = 2 gu tr B ; Cuv + Cop = 2 Gur trC ; (A.5) 
BuvCy” + Byrn” = 29, tr BC ; Apu By” = Bu A” a 3 Apu Oy” = Cur Ay” 


where we normalize the trace such that tr(1) = 1. We also use shortcut notations (x M y) = £, Yv My 
In order to obtain (A.1) we have to take in (A.3) 


(X27. ov a) = Aww ; (Ar On Tun) = Buv ; (A2 ovo.) = Cuv m= bs 
and apply 021203" la=8=0 - To obtain we take in 
(Ai On Gym) = Aw ; (5 On Ov ñ) = Biv; en OvO, ña) = Cm; m= 24 


and apply 824 OR” |p . Using (17) and Fierz identity o, ® J” = 2P it is easy to check that 
previous expressions for matrices A, B, C fulfil relations (A.5). 

Thus our aim is to prove that we will perform in two steps. On the first step we implement 
ceratin change of variables which enables to remove matrices B and C from obtaining an integral 
relation equivalent to the operator identity (5.47). On the second step we prove (5.47). 

Let us consider the integral in the right hand side of 


a. (PAR)! (p[x+aB(e—y)]) ozi (k [u+8 C(y—2)]) 


(p[z+wi+aB(æ—y)]) o~ (k [u+w2+8 C(y—2)]) 


m 4 c = 
= (Ow, A Ow») fa eo se aaee = 


then we implement Fourier transform (here a’ = 2— a, b =2—b, d =2-c) 


CGV E _ 
T(a)P(e) "Te wy +a B(@ y)” [y + we + BC(y—2)] 


wi =w2=0 


= 4a +e gt 


and perform differentiation 


sain ae me Em) atabe A tta 
T'(a) T(e) [x +aB(zx — y)| 2(c/-+m) [y + BC(y— z)| 2(a’+m) 


Further we introduce new variables which absorb matrices B and C 
X=r+aBia-—y); Y=y+BCiy—-z). (A.6) 


Then X — Y = S- (x — y) where 
S=1+aB+68C. (A.7) 


Using properties (A.5) one can easily obtain that 


S-ST=A\)-1; ASH1+20t B+ 28trC + 208te BC (A.8) 
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therefore 
(X-Y} =A-(e-y)? 


and the right hand side of takes the form 


4" p42 Tr(a +m) T(c' +m) (X AY)™ 


TOTO XMM X YPY Fm) ` (A.9) 


Then we consider the left hand side of (A.3) where we shift the integration variable 


fazat CEEE a ee STO) 
(x — y — z)24 k2 z2¢ 


and perform Fourier transform 
_ ge te) pate ((z2-2+y)Az)™ — 
T (b) (x-y -— z)" |z+y+aBz+8C(z-z+y)] z2e 
Further we change the integration variables Z = S - z in the previous integral and introduce 
variables instead of x and y. Let us note that X — Y + Z = S- (x — y + z) , consequently due to 
(A.8) 
Z*=d-2?73(X-Y-ZP=)-(2@-y-z)’. 


From it follows that the Jacobian of the linear change is equal to |det S| = \?. Using it is 
one to deduce that S- A - ST = å- A , thus 


1 
(z=-r+y)Az=(Z-X+Y)S T. A.S! Z= 5 (Z-X+Y)AZ. 
Therefore the left-hand side of (A.3) takes the form 
1 oT (0) o (Z-X+Y)AZ)™ 
b 2 a+c—2—m 47 A.l 
Sap a i fi (X -Y — Z)24(Z +Y)” Z ae) 


Finally equating with ( Bie eras a shift a a variable in the later and taking 
into account uniqueness oe we obtain that ( is equivalent to 


fez (Z—-X)A(Z-Y))™ orla +m) TOTE +m) (X AY)™ 
( 


ALTIA gg = A 
X —Z)Z (ZY) TOTO XX Yy AN) 


where 
a+c—-b=2+m. 


(A.11) is an integral form of the operator identity (5.47) in the same way as (5.31) is an integral 
form of the scalar star-triangle identity (5.30). 
Now we are going to prove (A.11). At first let us evaluate the integral 


fea = faz Z. -a 


(x = z) 2a(z (x = z)24(z — y) 22€ ` 


by means of inversion transform 


—z)? gj \2 
1; (e=) + G2; (z-yP 3 SY 


eS oT eS ; d4z > 
(z-a)Az) > ((4-43)AS)= {zA (z-2)) 


wg? 


In the previous transformation we take into account (A.5). Then due to uniqueness condition (A.4) 


£ Y ) _ 2a y% 4 (ge A(@—2z))™ (@ = 2)" 
(ae 7)= any fate GE me yp 
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In order to evaluate the previous integral we take into account a well-known formula for convolution of 
propagators 


fa 1 _ D(a +m) TOT) 1 
(x — w — z)? =m (z — y)” Tr(a- m)T(V)T(c) (x -— y- w)” 


96 99 


two 


and apply to it (4 A ðw)” | Thus we have 


E Y) _ alla +m POLE +m) aaar EA =o)" T 
z? y D(a) P(b') P(e) (ey Per 
To obtain I(x, y) we perform inverse transform 
x y (x-y) 2 y 
BS og Y J2 ; (x-y) > ey. ; (a A(x — y)) = ee) Aa 
in 
Pla! +m) TOTAM) ((y—2)Ay)™ 
I _ 72 i Se A.13 
(x, y) T T(a) T(b') T(c) (y = x) +m) 2b yrta' +m) ( ) 
Finally we note that coincides with (A.13) at x > X -Y , y > -Y. 
B Appendix: Clifford algebra 
Let Ty, a=0,1,...,n +1, be a set of n + 2 operators satisfying the standard relations 
Pare + PoVa = 2 gab: I (B.1) 


where I is the unit operator and gap is the metric for R?+14+!: 


Jab = diag(1,...,1,-1,...,-1,1,-1). 
eee ee eee’ 
p q 


Operators I’, are generators of the Clifford algebra which, as a vector space, has dimension 2”+2 by 
integer n. The standard basis in this space is formed by anti-symmetrized products 


1 


TA, =I, Ta, =Tu , TA, = Para = galas = KAAF 


1 S 
Ta, =Tay..a, = Asym(Ta, -:-Ta,) = kl 5-1)” Trai) ye DP s(ax) ) 


where A; is multi-index a; ...a,, summation is over all permutations of k indices {a1,..., ag} and p(s) 
—is a parity of the permutation s. 

When the number of dimensions is integer, then k < n + 2 and the total number of these matrices 
is 2"*?. However, when n is non integer (dimensional regularization) the Clifford algebra is infinite- 
dimensional. Let us introduce the generating function for the matrices I 4, 


1 
yee - Asym(Ta, «+: Ta, ) 
oo k=0 


Me 
Q 
I 
Me 
cal en 


(u°D',)” = exp(ul). 


> 
Il 


Inside the sym-product gamma-matrices behave like anti-commuting variables so that the auxiliary 


vector variables u? have to be anti-commuting: u? u? = —u? u? but it is not the end of the story. The 
simplest exponential form of the generating function is obtained by the condition that u* Ty = -Ty u° 
so that we fix these rules of the game and have 
ok 
| reer exp(uI) ; Asym lexp(uI’)] = exp(uI). 


= Qi ses a 
ôu duck i= 
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There exists the general formula which allows to transform the product of generating functions to the 


anti-symmetrized product 
el oo. etl — eT Vicy wits , elurtu) (B.2) 

It is the consequence of the simplest relation 
etl et — 


ew. gore 


obtained from the Backer-Hausdorff formula 


Be 
e^ eB — e4+B+4[4,B] 


ki 


where A= ul’ , B= vI and [A, B] = —u®v? (Tare + TT a) = —2u v. 
The second very useful formula is 


8? À 

exp | à exp(ux + vy + uvz) = (1 — zA)” t? exp xy}, (B.3) 
dudv re, 1— zà 

where u? , v? , x”, y® are anti-commuting variables, \ and z are commuting scalar variables and as usual 


Sun = zio The expression from the right hand side is derived by using the standard representation 


of the operation exp O55) through gaussian integral over anti-commuting variables. In fact all 
calculations are based on two formulae: (B.2) and (B.3). 


B.1 Tensor product 


In the present Subsection we collect some formulae needed for the calculations related to the Yang- 
Baxter equation. Let us introduce the generating functions exp(uľ x) for the gamma-matrices acting in 
different spaces V;,. In fact we shall use the gamma-matrices acting in the tensor product of two spaces 
and we assume that these operators are anti-commuting 


Ta @1=(Ti)e; 1@le=(Ta)e ; TiTl2=—-Tel). 


This assumption of anti-commutativity leads to unusual signs in comparison to the usual tensor product 
convention but all needed formulae have the simplest form. It is very similar to our convention that 
auxiliary variables u, anti-ccommute with gamma-matrices y,- 

Let us represent the tensor product T4, ® T4* in the following form 


be 
= Sk oF eò Suv erTi HT2 : 
A=u=v=0 


UTVA 


8 \" 
TA, @ T4 = S} (=) elt evl2 


u=v=0 


k(k—1) 


where sk =(—) 2 . Note that at this stage we cannot use the simplest variant of the formula (B.3) 
for z = 0 but it is possible to do under the sign of anti-symmetrization 


52 52 
eò Tis etlitele = er Tuss Asym je urteta] — Asym lens] f 
u=v=0 u=v=0 
so that one obtains the compact expression 
Ar k „Agës puri +r k ADIT k 
Ta, @T** = sky ec? dude e” 1702 P 8.0% Asym [e^] p = s, + Asym |(T1r2)*] . 


In detailed notations everything looks as follows 
Asym [Lia t Tia] Asym [T3 ---T$*] = Asym [Pia, +++ Ta] T9 eo TE = 


= Asym [Dia t Tia, T r3] = ț sp Asym [(T1r2)"] . 
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At first step one can forget about one of the signs Asym because there is convolution of two antisymmetric 
tensors. Next it is possible to rearrange everything in the rest product using our rule of the game 
T, Pg = —T2T 1. In any case the compact expression in the right hand side means exactly the expression 
from the left hand side so that decoding procedure is simple. 
Using this expression it is possible to represent operator acting in V, ® V2 in any of the forms 
co 


R= — Ta ® rar = >. Ra sk ON Asym (rus) R(A) « Asym (oe) , 


hs F 


where for simplicity we introduce the compact notation for the used operation of convolution 
R(X) * F(A) = R(ôA) FA)| <0 - 

Note that all information about operator R is encoded in the coefficient function R(x) 

as Rk Sk k 


kr” k 
k=0 k=0 


R(x) = 


Let us consider as example the permutation operator which is defined by the equation 
P-I@er,=e@lI-P. 


First we rewrite this equation with the help of generating functions 


ô ô 

P(A) * T esti - Asym (er) = P(A) * sya Asym (er) ell2 
ge a 

The products of generating functions can be transformed to the anti-symmetrized product in a following 

way 


eT. Asym (eT) = Asym (ee ; Asym (eT) . ef = Asym ee) 


s=0 t=0 


Derivation is very simple and we perform it step by step for the first product 


ustulit+vlet+sli ee 
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= eò dudv E 
u=v=0 


= Asym (ones) . 
In fact this calculation is prototype of all similar manipulations with generating functions. In the 


following we shall omit all intermediate steps and state the final identities. Next we calculate the 
derivatives with respect s* and t® 


P(A) * Asym [Tia + MT 22) a = P(A) « Asym [Toa + MT ia) eres ; 


52 
esT: - Asym (er) = er Budo et . etlitele 


u=v=0 


2 
= ed sis Asym eer) 


u=v=0 


or equivalently 
[P(A) — P'(A)] * Sym (Pia 2") = [P(A) — P'(A)] * Sym (Dza 7?) , (B.4) 
where in the last transformation we use the simplest variant of the general formula 
P(A) * A” F(A) = P™ (A) * F(A) 
and P(")(,) is the n-th derivative of the function P(A). As evident consequence of we have 
P(A) = P(A) 3 P(A)= eò, 


so that the permutation operator can be represented in one of the following forms 


CoO 


P =e** Asym (ere) = Asym (ent) = 5 Ta, @T4* = 
k=0 ` 


= J Paas Lag Q Perpee-t saa peT . 
i ) 


aı La2 <: <ak 
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B.2 Yang-Baxter equation 
Consider Lie algebra so(p + 1,q + 1) with generators M,» (a,b = 0,1,...,p +q + 1) subject relations 
(Map, Mac] = i(goaMac + GacMoa = Jad Moc = YbeMad) > 


where gap is the metric for RP+149+1, The L-operator (8.5) for so(p + 1,q + 1) can be written as 


1 1 
L(u) =u @1+5° T(M®) @ T'(Ma) =uIn @1- re T® Q g(€ar — eta), (B.5) 


where we choose T and T” to be spinor and defining representations of so(p + 1,q + 1), respectively: 
T(M*) = =e ; T'(Mav) = i g(€av — eba). 
Then by direct calculation one can prove that operator L(u) (B.5) satisfies intertwining relation 
R43 (u — v) Li2(u) Liz (v) = Li2(v) Lia (u) Ro3(u — v) € End(V @ V’ @ V’) 


with so(p + 1,q + 1)-type Yangian R-matrix [83] 


u 
n 
Ut s 


R43(u) = u P23 + I23 — Kə3, 


where matrices Ig3, P23 were described in (3.9) and operator Ko3 is 
Ko3(€a Q E) = (Ee Q Erg) + gas - 


where €, are basis vectors in the space V’ of the defining representation T”. 

In [29] it was also shown that there exists a spinorial Yang-Baxter R-matrix R(u) € End(V @ V) 
which satisfies the Yang-Baxter equation in the braid form and intertwines L-operators in 
spinorial spaces 


Rio(u = v) Li3(u) Lo3(v) = Li3(v) Lo3 (wu) Rio(u = v) = End(V IV Q V’) j (B.6) 


There is a natural question about generality of the representation (B.5): what happens when we choose 
T and T” to be spinor and arbitrary representations of so(p + 1,q + 1), respectively? So we are going to 
find the R-matrix, acting in the tensor product of two spinor representations 


= Re(u 


R(u) = kl Ta; ® ro = Reven (u) + Roaa(u) , (B.7) 
k=0 i 


and obeying the intertwining relation (B.6), where L-operator is universal: 
L(u) =ut zl @ M”. (B.8) 
In (B.7) we have used notations 


Rox (u) 


Reven (u) (2k)! 


Tas, & T42 ; Roaalu) = 5 


and in view of (8.1) we obviously have Roaa(u) = 0, i.e. Rək+ı(u) = 0 for all k. The substitution of 
(B.7) and (B.8) in gives 


Co 


SG ta ort: (ue grmor am) (v+ jrora: a) = 
k=0 i 
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ay te, (v+iraor mt) (e+ rora me) Ta, 9TA. 


This relation contains terms linear and quadratic in generators Mab. We transform the product of two 
generators using commutation relations 


1 1 a 1 
Mav Mea = [Map > Meal Fe {Mab ; Mea} E [goc Maa _ JadM eo >. GacMoa + Jova Meal FS {Mab ; Mea} 
2 2 2 2 


so that i 
La @ Pea: M® M”? = 2r D Toe M” ++ 5 Pav @ Pea: {MM} . 


The linear on the spectral parameters contributions are combined in the one term ~ (u — v) due to 
relation 
Ig, Ol? Tap Tals Ol SP yor grt alg Terk, 


which is consequence of the invariance condition 
[Tar @I+1@Va,,Ta, 9r] =0. 
After all these transformations our main equation is reduced to the form 


Re (u) 
k! 


<u- M® & DT Pab —Tasl a, Q a) = 


eo Seer 


Me. (Ts, Peers Liga Ty TA BDT) 
i SR, (u a A 
te (Ta Ta T Pea PoPa, BPa T) (M9, M°} =0. 
=0 


Using the rules of the game with generating functions 


Asym (e12) „eT = Asym ee) - eT. Asym (eT:T2) = Asym (ATA 


Asym (eòT1r2) “pire Asym een) . T2 . Asym (eòr1r2) = Asym ea) 


it is easy to derive the compact expression for the first contribution 


62 

Tr Me (Ta, @T4*Tay —TasT a, ® r4] = R(A)x M? sas Asym eò T2 fetan — ents) = 
! s*0s 

k=0 


= R(A) x M® Asym e™1!2 [Ca + ALi) (T2 + ALia) — (Tia + AP 2a)(T1e + AP) = 


= R(A) * (A? — 1) M” Asyme™™!? [Py Tip — PaaF'20] , 


so that finally we have 


= 
r MOP OIF Tab Tag ha, DT] = (R"a)-RQ)) x M Asym eò"? [Liari — Taal23] - 
k=0 ~ 


In a similar way using 


Asym (eXPsT2) eT1+T2 — Asym C , 


42 


eslittls . Asym (ent) 


= Asym cornea 


we obtain 


< Rk 
aM Me (Ta, Da OF Doe — r, TA, Q Doe rA) = 
k=0 
= —2R(A) * M® Asymeò™™"? [P1015 — T2al25] jo Pere = na?! = 
= —2 È R” (A) + AR’(A) = nr") M Asym elite Vial 1p = ToqV 25] ; 
and there is expression for the last contribution 


LR 
Dyo E (Pa Tos @T4# Pea = Pea T'ap @ To T4). {M° Met} = 


= 4R(A) * (A? — A) {M® , MI} Asym eT [Piet ich ay = PoaP as aeia = 


=4 [Rro = R')| x {M , Me} Asym eò? [rial il ag = PaaPasP aeia l 


Collecting everything we obtain that intertwining relation for the R-matrix is equivalent to the relation 


È R” (A) +A R (A) — n R”(A) — u - (R”(X) — R(A)) x M® Asyme™!? [P10 i5 — Foal 28] — 


-5 ie" - ro) * {M , M} Asymeò™T Danae - PoP oP 1a =0. 


There are two independent gamma-matrix structures so that we have differential equation for the coef- 
ficient function R(x) 


x: [Rre + R'(a)| —nR" (x) —u- [Rr — R(x) =0 
and requirement 
{Map , Maa} =0. 
The differential equation gives the recurrence relation for the coefficients Rg(u) for even k: 


X s Bu utk 
=y SEED) pl 9 eed E, 
= utn—k 


coy 


and for odd k we fix R;,(u) = 0. 
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